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1 Notation for discrete HMM

S = {S1, ..., SN}. Set of possible hidden states.

N. Number of distinct hidden states.

V = {v1, ..., vM}. Set of possible external observations.

M. Number of distinct external observations.

o = (o1, ..., oK). A sample of sequences of external observations (the training sample).
Each element in o is an entire sequence of observations (e.g., a word).

K. Number of sequences (e.g., words) in the training sample.

o = (o1, ..., oT ). A sequence of external observations (e.g., a word). If there is more than
a sequence I use a superscript l.

ot. A variable representing the external observation at time t. If there is more than a
sequence of interest, I use a superscript (e.g., o4

2 = 3 means that in sequence number 4, at
time 2 we observe v3).

T . The number of time steps in the sequence .

q = (q1, ..., qK). Collection of sequences of internal states (internal state sequences that
may correspond to each sequence in the training sequence).

q = (q1, ..., qT ). A sequence of internal states. If there is more than a sequence of interest
I use a superscript to denote the sequence of interest.

qt. A variable representing the internal state at time t. If there is more than a sequence I
use a superscript (e.g., q4

2 = 3 means that the system is in state S3 at time 2 in sequence
number 4 of the training sample).

λ = (A,B, π). A hidden Markov model as defined by its A,B and π matrices.

aij = Pλ(qt+1 = j|qt = i). State transition probability for model λ.

A = {aij}. The NxN matrix of transition probabilities.

bj(k) = Pλ(ot = k|qt = j). Emission probability for observation vk by state Sj .

B = {bj(k)}. The MxN matrix of state to observations probabilities.

πi = Pλ(q1 = i). Initial state probability for model λ.

π = {πi}. The vector of initial state probabilities.

Q(λ, λ̄) =
∑

q Pλ(q|0)log Pλ̄(qo). The auxiliary function maximized by the E-M algo-
rithm. λ represents the current model, λ̄ represents the new model under consideration.

Ql(λ, λ̄) The E-M function restricted to the sequence ol from the training sample.

αt(i) = Pλ(o1...ot qt = i). The forward variable for the sequence o at time t for state i. If
there is more than one sequence of interest I use a superscript to denote the sequence.

βt(i) = Pλ(ot+1...oT |qt = i). The scaled backward variable for the sequence o at time t
for state i. If there is more than one sequence of interest I use a superscript to denote the
sequence.

α̂t(i). The scaled forward variable for the sequence o at time t for state i. If there is more
than one sequence of interest I use a superscript to denote the sequence.

β̂t(i). The scaled backward variable for the sequence o at time t for state i. If there is more



than one sequence of interest I use a superscript to denote the sequence.

c1...cT . The scaling coefficients in the scaled forward and backward algorithm for the
sequence ol. If there is more than one sequence of interest I use a superscript to denote the
sequence.

γt(i) = Pλ(qt = i|o) If there is more than one sequence of interest I use a superscript to
denote the sequence.

ξt(i, j) = Pλ(qt = i qt+1 = j|o). If there is more than one sequence of interest I use a
superscript to denote the sequence.

2 EM training with Discrete Observation Models

In this section we review two methods for training standard HMM models with discrete
observations: E-M training and Viterbi training.

2.1 The E-M auxiliary function

Let λ represent the current model and λ̄ represent a candidate model. Our objective is to
make Pλ̄(o) ≥ Pλ(o), or equivalently log Pλ̄(o) ≥ log Pλ(o).

Due to the presence of stochastic constraints (e.g., aij ≥ and
∑

j aij = 1) it turns out to
be easier to maximize an auxiliary function Q(·) rather than to directly maximize log Pλ̄.
The E-M auxiliary function is defined as follows:

Q(λ, λ̄) =
∑

q

Pλ(q|o)log Pλ̄(qo) (1)

Here we show that Q(λ, λ̄) ≥ Q(λ, λ) → log Pλ̄(o) ≥ log Pλ(o).

For any model λ or λ̄ it must be true that

Pλ̄(o) =
Pλ̄(oq)
Pλ̄(q|o)

(2)

or logPλ̄(o) = logPλ̄(oq)− logPλ̄(q|o).
Also,

logPλ̄(o) =
∑

q

Pλ(q|o)logPλ̄(o) (3)

since logPλ̄(o) is a constant. Thus, from equation 2 it follows that

log Pλ̄(o) =
∑

q

Pλ(q|o)logPλ̄(oq)−
∑

q

Pλ(q|o)logPλ̄(q|o) (4)

= Q(λ, λ̄)−
∑

q

Pλ(q|o)logPλ̄(q|o) (5)

Applying the Q(·, ·) function to (λ, λ̄) and to (λ, λ), it follows that,

Q(λ, λ̄)−Q(λ, λ) = log Pλ̄(o)− log Pλ(o)−KL(λ, λ̄) (6)

where KL(·, ·) is the Kullback-Leibler criterion (relative entropy) of the probability distri-
bution Pλ(q|o) with respect to the probability distribution Pλ̄(q|o)



KL(λ, λ̄) =
∑

q

Pλ(q|o)logPλ(q|o)
Pλ̄(q|o)

(7)

Rearranging terms,

log Pλ̄(o)− log Pλ(o) = Q(λ, λ̄)−Q(λ, λ) + KL(λ, λ̄) (8)

and since the KL criterion is always positive, it follows that if

Q(λ, λ̄)−Q(λ, λ) ≥ 0 (9)
then

log Pλ̄(o)log Pλ(o) ≥ 0 (10)

2.2 The overall training sample E-M function

We defined the overall E-M function

Q(λ, λ̄) =
∑

q

Pλ(q|o)log Pλ̄(qo) (11)

with o including the entire set of sequences in the training sample. Assuming that the
sequences are independent, it follows that

Q(λ, λ̄) =
∑

q

Pλ(q|o)
∑

l

log Pλ̄(qlol) =
∑

l

∑
q

(log Pλ̄(qlol))Pλ(q|o) (12)

And since each state sequence ql depends only on the corresponding observation sequence
ol it follows that

Q(λ, λ̄) =
∑

l

∑
ql

∑
q−ql

(log Pλ̄(qlol))
K∏

m=1

Pλ(qm|o) (13)

where q − ql = (q1, ..., ql−1, ql+1, ..., qK) represents an entire collection of sequences
except for the sequence ql. Thus

Q(λ, λ̄) =
∑

l

∑
ql

∑
q−ql

(log Pλ̄(qlol))Pλ(ql|ol)
K∏

m6=l

Pλ(qm|o) = (14)

=
∑

l

∑
ql

(log Pλ̄(qlol))Pλ(ql|ol)
∑
q−ql

∏
m6=l

Pλ(qm|o) (15)

and since ∑
q−ql

K∏
m6=l

Pλ(qm|o) = 1 (16)

it follows that the E-M function can be decomposed into additive E-M functions, one per
observation sequence in the training sample:

Q(λ, λ̄) =
∑

l

∑
ql

Pλ(ql|ol) log Pλ̄(qlol) =
∑

l

Ql(λ, λ̄) (17)



2.3 Maximizing the E-M function

For simplicity let us start with the case in which there is a single sequence. The results
easily generalize to multiple sequences. Since we work with a single sequence we may
drop the l superscript.

Q(λ, λ̄) =
∑

q

Pλ(q|o)log Pλ̄(qo) (18)

And since,
Pλ̄(qo) = π̄q1 b̄q1(o1)āq1q2 b̄q2(o2)āq2q3 ... (19)

it follows that,
Q(λ, λ̄) =

∑
q

Pλ(q|o)log π̄q1+ (20)

+
Tl∑

t=1

∑
q

Pλ(q|o)log b̄qt(ot)+ (21)

+
Tl−1∑
t=1

∑
q

Pλ(q|o)log āqtqt+1 (22)

The first term can be expressed as follows∑
q

Pλ(q|o)log π̄q1 =
∑

j

log π̄j

∑
q

Pλ(q|o)δ(j, q1) (23)

where δ(j, q1) tells us to include only those cases in which q1 = j. Therefore,

∑
q

Pλ(q|o)δ(j, q1) = Pλ(q1 = j|o) = γ1(j) (24)

The second term can be expressed as follows

Tl∑
t=1

∑
q

Pλ(q|o)log b̄qt
(ot) =

Tl∑
t=1

∑
i

∑
j

log b̄i(j)
∑

q

Pλ(q|o)δ(i, qt)δ(j, ot) (25)

where δ(i, qt)δ(j, ot) tells us to include only those cases for which qt = i and ot = j.
Therefore,

∑
q

Pλ(q|o)δ(i, qt)δ(j, ot) = Pλ(qt = i|o)δ(ot, j) = γt(i)δ(ot, j) = (26)

The third term can be expressed as follows

Tl−1∑
t=1

∑
q

Pλ(q|o)log āqtqt+1 =
Tl−1∑
t=1

∑
i

∑
j

log āij

∑
q

Pλ(q|o)δ(i, qt)δ(j, qt+1) (27)

where δ(i, qt)δ(j, qt+1) tells us to include only those cases for which qt = i and qt+1 = j.
Therefore,



∑
q

Pλ(q|o)δ(i, qt)δ(j, qt+1) = Pλ(qt = i qt+1 = j|o) = ξt(i, j) (28)

Putting it together

Q(λ, λ̄) =
∑

j

γ1(j) log π̄j+ (29)

+
∑

i

∑
j

log b̄i(j) (
Tl∑

t=1

γt(i)δ(ot, j))+ (30)

+
∑

i

∑
j

log āij (
Tl−1∑
t=1

ξt(i, j)) (31)

When there is more than a sequence, we just need to add up over sequences to obtain the
overall Q(·, ·) function

Q(λ, λ̄) =
∑

j

log π̄j(
∑

l

γl
1(j))+ (32)

+
∑

i

∑
j

log b̄i(j) (
∑

l

Tl∑
t=1

γl
t(i)δ(o

l
t, j))+ (33)

+
∑

i

∑
j

log āij(
∑

l

Tl−1∑
t=1

ξl
t(i, j)) (34)

Note that the part of the overall Q(λ, λ̄) function dependent on π̄j is of the form wj log xj

with xj = π̄j and

wj =
K∑

l=1

γl
1(j) (35)

with constraints
∑

j xj = 1, and xj ≥ 0.

Equivalently, the part of the overall Q(λ, λ̄) function dependent of b̄i(j) is of the form
wj log xj with xj = b̄i(j) and

wj =
K∑

l=1

Tl∑
t=1

γl
t(j)δ(o

l
t, j) (36)

with constraints
∑

j xj = 1, and xj ≥ 0.

Finally, the part of the overall Q(λ, λ̄) function dependent of āij is also of the form
wj log xj with xj = āij and

wj =
K∑

l=1

Tl−1∑
t=1

ξl
t(i, j) (37)

with constraints
∑

j xj = 1, and xj ≥ 0.



It is easy to show that the maximum of a function of the form wj log xj with constraints
that xj ≥ 0 and

∑
j xj = 1 is achieved for

xj =
wj∑
j wj

(38)

The parameters of the new model λ̄ that maximize the overall Q(λ, λ̄) function easily
follow:

π̄i =
PK

l=1 γ1(i)

K

b̄i(j) =
PK

l=1
PTl

t=1 γt(i)δ(o
l
t,j)PK

l=1
PTl

t=1 γl
t(i)

āij =
PK

l=1
PTl−1

t=1 ξt(i,j)PK
l=1

PTl−1
t=1 γl

t(i)

(39)

2.4 Obtaining the E-M parameters from the scaled forward and backward
algorithms

Section under construction

2.5 MM Training

MM training (Maximization Maximization) may be seen as an approximation to EM train-
ing. In MM training we basically substitute the Expected value operation by a Max oper-
ation thus the MM name. Other names for these algorithms are: Viterbi training (because
we use the Viterbi algorithm to do the Max operation) and segmented K-means (K-means
is a classical clustering method that belongs to the MM family).

In Viterbi-based decoding, the degree of match between a model λ and an observation
sequence ol is defined as ρ(λ, ol) = maxql log Pλ(ql ol) = log Pλ(q̂l ol). We
have seen how for a fixed model λ, the Viterbi recurrence can be used to find q̂l and
ρ(λ, ol). When there is more than one training sequences they are assumed independent
and ρ(λ, o) =

∑K
l=1 ρ(λ, ol). Thus, the optimal states can be found by applying Viterbi

decoding independently for each of the training sequences.

In MM training the objective is to find an optimal point of log Pλ(ql ol) with the model λ
and the state sequence q as optimizing variables.

To begin with, assume that Viterbi decoding has found the best sequence of hidden states
for the current λ model: q̂ = (q̂1, ..., q̂K). Once we have q̂ we find a new model λ̄ such
that log Pλ̄(o q̂) ≥ log Pλ(o q̂). To do so simply define a dummy model λ̂ such that
Pλ̂(qo) = δ(q̂, o), thus the dummy model is such that only state sequence q̂ can co-occur
with observation sequence o.

For such model, Pλ̂(q1 = j|ol) = δ(i, q̂l), Pλ̂(qt = i|ol) = δ(i, q̂t), and Pλ̂(qt = i qt+1 =
j|ol) = δ(i, q̂t)δ(j, q̂l

t+1). Also note that Q(λ̂, λ̄) = log Pλ̄(o q̂), the function we want



to optimize. Thus, substituting the λ̂ parameters in the standard E-M formulas guarantees
that Q(λ̂, λ̄) ≥ Q(λ̂, λ) or log Pλ̄(o q̂) ≥ log Pλ(o q̂)

Thus, the MM training rules are as follows:

π̄i =
PK

l=1 δ(i,q̂l
1)

K

b̄i(j) =
PK

l=1
PTl

t=1 δ(i,q̂l
t)δ(j,o

l
t)PK

l=1
PTl

t=1 δ(i,q̂l
t)

āij =
PK

l=1
PTl−1

t=1 δ(i,q̂l
t)δ(j,q̂

l
t+1)PK

l=1
PTl−1

t=1 δ(i,q̂l
t)

(40)

Note that Viterbi decoding maximizes log Pλ(q, o) with respect to q for a fixed model (the
first M step) then we maximizes log Pλ(q, o) with respect to λ, for a fixed q (the second
M step). Since we are always maximizing with respect to some variables, log Pλ(q o) can
only increase and convergence to a local maximum is guaranteed.



3 Notation for Continuous Density Models

The notation for the continuous case is the same as the discrete case with the following
additional terms.

P Number of dimensions per observation (e.g. cepstral coefficients): ot = (ot1 ...otP ).

M. Number of clusters within a state.

V = {v11, ..., v1M ..., vN1..., vNM}. Set of possible clusters of external observations (M
clusters per state). Each cluster vij is identified by a state index i and a cluster index j.

mt variable identifying the cluster index of the cluster that occurred at time t. For example
if cluster vik occurred at time t then qt = i and mt = k.

m = (m1...mt). A sequence of cluster indexes, one per time step.

gik = Pλ(mt = k|qt = j). Emission probability (gain) of cluster kvik by state Sj .

φ(·). A kernel function (e.g. Gaussian) to model the probability density of a cluster of
observations produced by a state.

bj(ot) = Pλ(ot|qt = j).

µik = (µik1, ..., µikP ). The centroid or prototype of cluster vik.

Σik =

 σ2
ik1 σik12 ... σik1p

σik21 σ2
ik2 ... σik2p

...
σikp1 σikp2 ... σ2

ikp

 The covariance matrix of cluster vik.

σ2
ikn. The variance of the lth dimension (e.g. cepstral) within cluster vik, a diagonal ele-

ment of Σik.

σiknm, The covariance between dimension l and dimension m within the cluster vik an
off-diagonal elements of Σik. Usually assumed zero.

4 Continuous Observation Models

In this section we study the E-M and Viterbi training procedures for continuous observation
HMMs.

4.1 Mixtures of Densities

In the discrete case the observations are discrete, represented by an integer. In the con-
tinuous case the observations at each time step are P-dimensional real-valued vectors (e.g.
cepstrals coefficients). In our notation ot = (ot1, ..., otP ).

The continuous observation model produces sequences of observations in the following
way: At each time step the system generates a hidden state qt according to a a state to state
transition probability distribution aqt−1qt . Once qt has been generated, the system gener-
ates a hidden cluster mt according to a state to cluster emission probability distribution
gqtmt . Once the hidden cluster has been determined, an observation vector is produced
probabilistically according to some kernel probability distribution (e.g. Multivariate Gaus-
sian). We can think of the clusters as low level hidden states embedded within high level
hidden states qt. For example, the high level hidden states may represent phonemes and
the low-level hidden clusters may represent acoustic categories within the same phoneme.
For simplicity each state is assumed to have the same number of clusters (M) but the set of
clusters is different from state to state. Thus, there is a total of NxM clusters, M per state.



We represent cluster k of state Sj as vjk and we use the variable mt to identify the cluster
number within a state at time t. Thus if qt = i and mt = k it means that at time t cluster
vjk occurred.

If we know the cluster at time t, the probability density of a vector of continuous obser-
vations (e.g. cepstral coefficients) is modeled by a kernel function, usually a multivariate
Gaussian

Pλ(ot|vjk) = Pλ(ot|qt = j mt = k) = φ(ot, µjk,Σjk) (41)

Where φ(·) is the kernel function (e.g. multivariate Gaussian) µjk = (µjk1, ..., µjkP ) is
a centroid or prototype that determines the position of the cluster in P-dimensional space,
and

Σjk =


σ2

jk1 σjk12 ... σjk1P

σjk21 σ2
jk2 ... σjk2P

...
σjkP1 σjkP2 ... σ2

jkP

 (42)

is a covariance matrix that determines the width and tilt of the cluster in P-dimensional
space. The diagonal terms {σ2

jk1...σ
2
jkP } are the cluster variances for each dimension.

They determine the spread of the cluster on each dimension. The off-diagonal elements are
known as the cluster covariances and they determine the tilt of the cluster. For the Gaussian
case, the kernel function is

φ(ot, µjk,Σjk) =
1

(2π)P/2|Σjk|1/2
e−d(ot,µjk) (43)

where |Σjk| is the determinant of the variance matrix, and d(ot, µjk) is known as the Ma-
halanobis distance between the observation and the kernel’s centroid.

d(ot, µjk) =
1
2
(ot − µjk)Σ−1

jk (ot − µjk)′ (44)

Since the covariance matrices Σjk are symmetric, each kernel is defined by P (P+3)
2 param-

eters (P for the centroids and P (P + 1)/2 for the variances). In practice the off-diagonal
variances are assumed zero, reducing the number of parameters per kernel to 2P. In such
case the determinant |Σjk| is just the product of P scalar variances |Σjk| =

∏P
l=1 σ2

jkl, and
the Mahalanobis distance becomes a scaled Euclidean distance:

d(ot, µjk) =
1
2

P∑
l=1

(otl − µjkl)2

σ2
jkl

(45)

Given a state Sj , the system randomly chooses one of its M possible clusters with state to
cluster emission probability P (mt = k|qt = j). This probability is assumed independent
of t and thus it can be represented by a parameter with no time index. In our notation
P (mt = k|qt = j) = gjk, the gain of the kth cluster embedded in state Sj .

Thus, the overall probability density of the observations generated by a state Sj is given by
a weighted mixture of kernel functions.

Pλ(ot|qt = j) =
M∑
l=1

P (mt = l|qt = j)P (ot|qt = j, mt = k) = (46)

or

bj(ot) =
M∑

k=1

gjkφ(ot, µjk,Σjk) (47)



4.2 Forward and backward variables

The un-scaled and the scaled algorithms work the same as in the discrete case. Only now
the emission probability terms bj(ot) are modeled by a mixture of densities.

bj(ot) =
M∑

k=1

gjkφ(ot, µjk,Σjk) (48)

4.3 EM Training

In the continuous case the clusters are low level hidden states mt embedded within high
level hidden states qt. Thus, the E-M function is defined over all possible q m sequences
of high-level and low-level hidden states

Q(λ, λ̄) =
∑

q

∑
m

Pλ(qm|o)log Pλ̄(qmo) (49)

and since

Pλ̄(qmo) = π̄q1 ḡq1m1φ(o1, µ̄q1m1 , Σ̄q1m1), ..., āqT−1qT
ḡqT mT

φ(oT , µ̄qT mT
, Σ̄qT mT

)
(50)

it follows that

Q(λ, λ̄) =
∑

q

∑
m

Pλ(qm|o)log π̄q1+ (51)

T−1∑
t=1

∑
q

∑
m

Pλ(qm|o)log āqtqt+1+ (52)

+
T∑

t=1

∑
q

∑
m

Pλ(qm|o)log ḡqtmt (53)

+
T∑

t=1

∑
q

∑
m

Pλ(qm|o)log φ(ot, µ̄qtmt , Σ̄qtmt) (54)

Since the factors in the first two terms are independent of m they simplify into∑
q

∑
m

Pλ(qm|o)log π̄q1 =
∑

q

Pλ(q|o)log π̄q1 (55)

and

T−1∑
t=1

∑
q

∑
m

Pλ(qm|o)log āqtqt+1 =
T−1∑
t=1

∑
q

Pλ(q|o)log āqtqt+1 (56)

These terms are identical as in the discrete case and thus the same training rules for initial
state probabilities and for state transition probabilities apply here.

To find the training formulas for the cluster gains, we focus on the part of Q(·) dependent
on the gain terms. This part can be transformed as follows

T∑
t=1

∑
q

∑
m

Pλ(qm|o)log ḡqt(mt) = (57)



=
T∑

t=1

N∑
i=1

M∑
k=1

∑
q

∑
m

Pλ(qm|o)log ḡikδ(i, qt)δ(j, mt) (58)

=
T∑

t=1

N∑
i=1

M∑
k=1

Pλ(qt = i mt = k|o)log ḡik (59)

Thus the part of Q(·) that depends on ḡik is of the form wj log xj with xj = ḡik and

wj =
T∑

t=1

Pλ(qt = i mt = k|o) (60)

with constraints
∑

j xj = 1 and xj ≤ 0, with maximum achieved for

xj =
wj∑
j wj

(61)

Thus

ḡik =
∑T

t=1 Pλ(qt = i mt = k|o)∑T
t=1

∑M
k=1 Pλ(qt = i mt = k|o)

=
∑T

t=1 Pλ(qt = i mt = k|o)∑T
t=1 Pλ(qt = i|o)

(62)

To find the learning rules for the centroids and variances we focus on the part of Q(·) that
depends on the cluster centroids and variances, which is given by the following expression:

T∑
t=1

∑
q

∑
m

Pλ(qm|o)log φ(ot, µ̄qtmt , Σ̄qtmt) (63)

This expression can be transformed as follows
T∑

t=1

∑
q

∑
m

Pλ(qm|o)log φ(ot, µ̄qtmt
, Σ̄qtmt

) = (64)

=
T∑

t=1

N∑
i=1

M∑
k=1

∑
q

∑
m

Pλ(qm|o)log φ(ot, µ̄ik, Σ̄ik)δ(i, qt)δ(k, mt) (65)

=
T∑

t=1

N∑
i=1

M∑
k=1

Pλ(qt = i mt = k|o)log φ(ot, µ̄ik, Σ̄ik) (66)

Thus, at a maximum,

∂

∂µ̄ikn

T∑
t=1

N∑
i=1

M∑
k=1

Pλ(qt = i mt = k|o)log φ(ot, µ̄ik, Σ̄ik) = 0 (67)

and since

∂log φ(ot, µ̄ik, Σ̄ik)
∂µ̄ikn

) =
1

σ̄2
ikl

(otl − µ̄ikn) (68)

it follows that at a maximum
T∑

t=1

Pλ(qt = i mt = k|o)(otl − µ̄ikn) = 0 (69)



or

µ̄ikn =
∑T

t=1 Pλ(qt = i mt = k|o) otn∑T
t=1 Pλ(qt = i|o)

(70)

A similar argument can be made for the diagonal variance σ2
ikl. In this case

∂log φ(ot, µ̄ik, Σ̄ik)
∂σ̄2

ikn

= − 1
2σ̄2

ikn

(1− (otn − µ̄ikn)2

σ̄2
ikn

) (71)

Thus, at a maximum

T∑
t=1

Pλ(qt = i mt = k|o)(1− (otl − µ̄ikn)2

σ̄2
ikn

) = 0 (72)

from which the re-estimation formula easily follows:

σ̄2
ikn =

∑T
t=1 Pλ(qt = i mt = k|o)(otl − µ̄ikn)2∑T

t=1 Pλ(qt = i|o)
(73)

Training for the mixture gains, mixture centroids, and mixture variances requires the
P (qt = jmt = k|o) terms, for t = 1...T , j = 1..N , k = 1...M . To obtain these
terms note the following:

P (qt = j mt = k|o) = P (qt = j|o)P (mt = k|qt = j o) = (74)

= P (qt = j|o)P (mt = k|qt = j ot) (75)

= P (qt = j|o)P (otmt = k|qt = j)
P (ot|qt = j)

(76)

= P (qt = j|o)P (mt = k|qt = j)P (ot|qt = jmt = k)
P (ot|qt = j)

(77)

Thus

P (qt = jmt = k|o) = P (qt = j|o)gjk φ(ot, µik,Σik)
bj(ot)

(78)

As in the discrete case, the P (qt = j|o) can be obtained through the scaled feed-forward
algorithm.

For the case with multiple training sequences the overall Q(·) decomposes into additive
Ql(·), one per training sequence. As a consequence we have to add in the numerator and
denominator of the training formulas the effects of each training sequence.

Summarizing, the E-M learning rules for the mixture of Gaussian densities case with diag-
onal covariance matrices are as follows:



π̄i =
PK

l=1 Pλ(q1=j|ol)

K

āij =
PK

l=1
PTl−1

t=1 Pλ(qt=i qt+1=j|ol)PK
l=1

PTl−1
t=1 Pλ(qt=i|ol)

ḡik =
PK

l=1
PTl

t=1 Pλ(qt=i mt=k|ol)PK
l=1

PT
t=1 Pλ(qt=i|ol)

µ̄ikn =
PK

l=1
PTl

t=1 Pλ(qt=i mt=k|ol) ol
tnPT

t=1 Pλ(qt=i|ol)

σ̄2
ikn =

PK
l=1

PTl
t=1 Pλ(qt=i mt=k|ol) (otn−µ̄ikn)2PK

l=1
PTl

t=1 Pλ(qt=i|ol)

(79)

where l = 1, ...,K indexes the training sequence, t = 1, ..., Tl indexes the time within
a training sequence, i = 1, ..., N and j = 1, ..., N index the hidden state, k = 1, ...,M
indexes the cluster embedded within a state, and n = 1, ..., P indexes the dimension of the
continuous vector of observations (e.g. the cepstral coefficient). The P (qt = jmt = k|o),
Pλ(qt = i|ol) and Pλ(qt = i qt+1 = j|ol) terms are obtained from the scaled forward-
backward algorithms according to the following formulas:

P (qt = i,mt = k|o) = P (qt = i|o) gik φ(ot,µik,Σik)
bi(ot)

bi(ot) =
∑M

k=1 gikφ(ot, µik,Σik)

φ(ot, µik,Σik) = 1
(2π)P/2

QP
n=1 σikn

e−d(ot,µik)

d(ot, µik) = 1
2

∑P
n=1(

otn−µikn

σikn
)2

Pλ(qt = i|ol) = α̂l
t(i)β̂

l
t(i)P

i α̂l
t(i)β̂

l
t(i)

Pλ(qt = i qt+1 = j|ol) = α̂t(i)aij β̂t+1(j)bj(ol
t+1)

(80)



4.4 Viterbi decoding

We can use Viterbi decoding to find the best possible sequence of high level hidden states
q and low level clusters m. There are two approaches to this problem. One approach
attempts to find simultaneously the best joint sequence of high-level and low-level states.
Thus the goal is to find q̂m̂ = arg maxqm Pλ(qm|o). The second approach first finds the
best possible sequence of high level states q̂ = arg maxq Pλ(q|o) and once q̂ has been
found, m̂ is defined as m̂ = arg maxm Pλ(m̂|q̂ o). The two approaches do not necessarily
yield the same results. The second approach is the standard in the literature.

For the second, most used version, of Viterbi decoding, the same Viterbi recurrence as in
the discrete case applies but using the continuous version of bi(ot). Once we have q̂t, the
desired m̂t is simply the cluster within Sq̂t which is closest (in Mahalanobis distance) to
ot.

4.5 Viterbi training

The objective in Viterbi training (also known as segmental k-means) is to find an opti-
mal point (local maximum) of log Pλ(oq̂m̂) with q and λ being the optimizing vari-
ables. It does not matter how q̂m̂ are found as long as a consistent procedure is used
throughout training. As in the discrete case we define a dummy model λ̂ such that
Pλ̂(ql ml|o) = δ(q̂l, ql)δ(m̂l,ml). For such model, Pλ̂(ql

1 = j|ol) = δ(i, q̂l
1), Pλ̂(ql

t =
i|ol) = δ(i, q̂l

t), Pλ̂(ql
t = i ql

t+1 = j|ol) = δ(i, q̂l
t)δ(j, q̂

l
t+1), and Pλ̂(ql

t = i ml
t = k|ol) =

δ(i, q̂l
t)δ(k, m̂l

t).

As in the discrete case note that Q(λ̂, λ̄) = log Pλ̄(o q̂m̂), the function we want to op-
timize. Thus, substituting the λ̂ parameters in the standard E-M formulas guarantees that
Q(λ̂, λ̄) ≥ Q(λ̂, λ), and thus log Pλ̄(o q̂m̂) ≥ log Pλ(o q̂m̂)

Thus, the Viterbi training rules are as follows:

π̄i =
PK

l=1 δ(i,q̂l
1)

K

āij =
PK

l=1
PTl−1

t=1 δ(i,q̂l
t)δ(j,q̂

l
t+1)PK

l=1
PTl−1

t=1 δ(i,q̂l
t)

ḡik =
PK

l=1
PTl

t=1 δ(i,q̂l
t)δ(k,m̂l

t)PK
l=1

PT
t=1 δ(i,q̂l

t)

µ̄ikn =
PK

l=1
PTl

t=1 δ(i,q̂l
t)δ(k,m̂l

t) ol
tnPT

t=1 δ(i,q̂l
t)

σ̄2
ikn =

PK
l=1

PTl
t=1 δ(i,q̂l

t)δ(k,m̂l
t)(otn−µ̄ikn)2PK

l=1
PTl

t=1 δ(i,q̂l
t)

(81)

Since Viterbi decoding maximizes Pλ(q, m, o) with respect to q and m and Viterbi train-
ing maximizes Pλ(q, m, o) with respect to λ, repeatedly applying Viterbi decoding and



Viterbi training, can only make Pλ(q, m, o) increase and convergence to a local maximum
is guaranteed.



5 Factored Sampling Methods for Continuous State Models

Many recognition problems can be framed in terms of infering something about qt the
internal state of a system, based on a sequence of observations o = o1 · · · ot. These infer-
ences are in many cases based on estimates of p(qt|o1 · · · ot). When the states are discrete
and countable, these conditonal state probabilities can be obtained using the forwards algo-
rithm. However, the algorithm cannot be used when the states are continuous. In such case,
direct sampling methods are appropriate. Here is an example of how these methods work.
We start with a sensor model: p(ot|qt) and a Markovian state dynamics model p(qt+1|qt).
Our goal is to obtain estimates of p(qt|ot) for all t.

1. Recursion
Assume we have an estimate p̂(qt|ot). Our goal is to update that estimate for the
next time step p(qt+1|ot+1).
(a) First we draw a random sample X from p̂(qt|ot). This sample will implicitely

define a re-estimation of p(qt|ot) in terms of a mixture of delta functions:
p̂(qt|ot) = 1

N

∑N
i=1 δ(qt, xi)

(b) For each observation xi we obtain another random observation yi using the
state dynamics p(qt+1|qt = xi). The new sample Y = {y1 · · · yn} im-
plicitely defines our estimates of p(qt+1|ot).
p(qt|ot) = 1

N

∑N
i=1 δ(qt+1, yi)

(c) We know that

p(qt+1|o1 · · · ot+1) =
p(o1 · · · ot)

p(o1 · · · ot+1)
p(qt+1ot+1|o1 · · · ot) = (82)

p(o1 · · · ot)
p(o1 · · · ot+1)

p(qt+1|o1 · · · ot)p(ot+1|qt+1)

The fraction is a constant K(ot+1) independent of qt+1, we already have an
estimate of p(qt+1|ot) so we just need to weight it by p(ot+1|qt+1).
p̂(qt+1|ot+1) = K 1

N

∑N
i=1 δ(qt+1, yi)p(ot+1|qt+1) =

=
1

(N)
∑

i p(ot+1|yi)

N∑
i=1

δ(qt+1, yi)p(ot+1|yi)

We can now use p̂(qt+1|ot+1) to estimate parameters like the mean or the
variance of the distribution. More generally,
ω̂ =

∫
dqt+1Q(p(qt+1|ot+1), qt+1)

2. Initialization
The initialization step is basically the same as the recursion step only that instead
of using the state transition probabilities we use the initial state probabilities
(a) Obtain a sample of N random states : X= {x1 · · ·xN} from the initial state

probability function π(·). These N samples will implicitely work as our
estimate of the initial state probability.

p̂(q1) =
1
N

N∑
i=1

δ(q1, yi) (83)

(b) Weight each observation by the sensor probability p(o1|q1 = yi). This de-
fines our initial distribution estimates

p̂(q0|o1) =
1

N
∑N

i=1 p(o1|xi)
δ(q0, yi)p(o0|yi) (84)
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