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This paper investigates the relationship between contrastive divergence, score
matching, and minimization of probability velocity fields in stochastic diffusion net-
works. By doing so it reveals a practical way for training stochastic diffusions and
a theoretical way of thinking about adaptive computing in terms of manipulation
of probability fields and of the resulting probability currents.

Learning Deterministic Equilibria

Consider a deterministic recurrent neural network model of the form dxt/dt =
w(θ − xt), where xt is a vector of neural activations, w is a fixed positive definite
matrix of synaptic connections, and θ is an adaptive bias vector. Since the network
is linear it is easy to find an analytical solution to the network activation process. In
particular, limt→∞ xt = θ , i.e., as time progresses the network activations converge
to θ. Suppose we want for this network to exhibit a pattern of activation ξ at
equilibrium. The standard approach would be to minimize the difference between
the desired and obtained equilibrium conditions, i.e, ‖θ− ξ‖2 . The gradient of this
cost function is proportional to (θ − ξ) and thus gradient descent learning would
move θ in the direction of ξ, converging to θ = ξ. A disadvantage of this approach
is that the training signals depend on equilibrium statistics. For linear networks
this is not a problem because they can be obtained analytically. However, for the
general case we would have to simulate the network numerically until equilibrium,
a process that may be time consuming.

The previous approach is analogous to teaching a child to ride a bicycle by letting
her fall (the equilibrium condition before learning has occurred) and providing a
training signal every time she falls. An alternative approach, which here we refer
to as minimum velocity, is to provide a training signal every time the child deviates
from the desired equilibrium condition, without letting her fall at all. The approach
avoids the costly process of converging to equilibrium, thus potentially maximizing
the speed of learning. Going back to our recurrent network problem, a minimum
velocity approach, would initialize the network with the desired pattern ξ, and use
the initial velocity, as the cost function, i.e.,

‖ dxt
dt

∣∣∣∣
xt=ξ

‖2 = (θ − ξ)′w′w(θ − ξ). (1)



Gradient descent of the squared initial velocity moves θ towards ξ and converges
when θ = ξ, at which point the desired pattern has been learned.

Learning Stochastic Equilibria: Boltzmann Machines

The idea of learning by minimizing velocity can also be applied for stochastic neural
networks to exhibit a desired equilibrium probability distribution, e.g., to learn the
statistics of natural images. Here we study how the minimum velocity approach
applies to diffusion networks, a stochastic version of continuous time, continuous
state version of recurrent neural networks (Movellan, 1998; Movellan and McClel-
land, 1993; Movellan et al., 2002). A particularly useful type of diffusion network
has activation dynamics that, on average, follow the gradient of a potential function

dXt = ∇xφ(Xt)dt+ σdBt, (2)

where −φ(x) is the potential of the activation state x. The negative of the potential,
i.e. φ(x) can be interpreted as the degree of match between the pattern x and the
type of patterns the the network “likes” to generate. The term σ is a fixed param-
eter controlling the degree of randomness in the network, and dBt is a stochastic
Brownian motion differential (Movellan, 2006; Oksendal, 1992). This equation can
be interpreted as the limit, as ∆t → 0 of a stochastic difference equation of the
following form

∆Xt = ∇xφ(Xt)∆t+ σ
√

∆tZt, (3)

where Zt is a zero mean, unit covariance Gaussian random vector. It is useful to
analyze the diffusion network dynamics in probability space, rather than activation
space. Due to the fact that probability conserves, i.e., it integrates to unity at
all time steps, the distribution of activations obeys the Fokker-Planck-Kolmogorov
(FPK) equation

∂pt(x)
∂t

= −∇x · Jt(x) (4)

Jt(x) def= pt(x)Vt(x) (5)

Vt(x) def= ∇x
(
φ(x)− σ2

2
log pt(x)

)
, (6)

where pt is the distribution of activations at time t, “∇·” is the divergence operator
(see Appendix), J is the probability current, and V is the probability velocity. The
probability velocity plays a critical role in this paper: for each time t and each acti-
vation state x, the probability velocity Vt(x) is a vector whose magnitude represents
the rate at which probability flows out of the state and whose orientation represents
the direction towards which it flows. In diffusion networks probability behaves as
a substance moving about the different network states according to standard fluid
dynamic equations.

Under mild conditions that include the fact that the potential function shall be
bounded from below and shall grow sufficiently fast as |x| increases (Movellan,
1998), the FPK equation converges to a unique probability distribution, known as
the equilibrium distribution. The equilibrium solution can be obtained by setting
the velocity field to zero, in which case

p∞(x) def= lim
t→∞

pt(x) =
e

2
σ2 φ(x)

Z
, (7)



where

Z
def=
∫
e

2
σ2 φ(x)dx, (8)

is the partition function. Thus the equilibrium distribution is Boltzmann on the
potential −φ.

Many problems of interest in machine learning and statistics are formally equiv-
alent to the problem of training diffusion networks to exhibit desired equilibrium
distributions. An approach for doing so is to let the network achieve stochastic equi-
librium, define a cost function that represents the divergence between the desired
and the obtained equilibrium distributions, and change the network parameters θ
via gradient descent on the divergence. In this case

D(X∞, ξ)
def= lim

t→∞
D(Xt, ξ) = lim

t→∞

∫
p(ξ) log

pt(ξ)
p(ξ)

dξ, (9)

where ξ is a target random variable whose distribution we want to learn, and D is
the Kullback-Leibler divergence. Note

D(ξ,X∞) =
2
σ2
E[φ(ξ)]− logZ +H(ξ), (10)

where H(ξ) is the entropy of ξ

H(ξ) = −
∫
p(ξ) log p(ξ)dξ. (11)

Note H(ξ) is independent of the network parameters, and

∇θ logZ =
1
Z

∫
∇θe

2
σ2 φ(x)dx =

2
σ2

∫
p∞(x)∇θφ(x)dx =

2
σ2
E[∇θφ(X∞)] (12)

Thus, the gradient of the Kullback-Leibler divergence with respect to network pa-
rameters θ takes the following form

∇θD(X∞, ξ) =
2
σ2

(
E[∇θφ(ξ)]− E[∇θφ(X∞)]

)
. (13)

Which is the continuous time version of the Boltzmann machine learning algorithm.
The main practical difficulty with this approach is that it requires computing an
equilibrium statistic, i.e., E[∇θφ(X∞)], which in general may come at significant
time cost. This is the main reason why Boltzmann machines have not been com-
petitive in practical applications.

Minimum Velocity and Score Matching

Alternatively, the principle of learning by minimizing velocity can be applied: The
network can be initialized to the desired distribution, i.e., X0 = ξ, and then the
network parameters can be trained to minimize the resulting probability velocity
field, i.e, to minimize E[‖V0(ξ)‖2]. Note

E[‖V0(ξ)‖2] = E[‖∇xφ(ξ)− σ2

2
∇x log p(ξ)‖2]

=
σ4

4
E[‖∇x log p∞(ξ)−∇x log p(ξ)‖2]. (14)



Thus, minimizing velocity is equivalent to matching the gradients of the desired
distribution and the equilibrium distribution. This results on an approach to sta-
tistical estimation, known as score matching (Hyvärinen, 2005, 2006). One difficulty
with this formula is that it requires to compute ∇x log p(ξ), the gradient of the de-
sired distribution. This may be tricky since in most practical cases we know how to
sample from the desired distribution but we do not know its gradient. Fortunately,
as shown in Hyvärinen (2005), score matching can be solved without the gradient of
the desired distribution. Applying integration by parts (See Appendix, Corollary 2)
and taking gradients CONFIRM EQ BELOW

∇θE[‖V0(ξ)‖2] = ∇θ
(
E[‖∇xφ(ξ)‖2] + σ2E[∇2 · φ(ξ)]

)
. (15)

Minimum Velocity and Exact Contrastive Divergence

Consider the following statistic of the distribution of Xt,

Ft = −
(
E[φ(Xt)] +

σ2

2
Ht

)
. (16)

The Ft statistic is known as the free energy of Xt. It is well known that the
Free energy is uniquely minimized by the network’s equilibrium distribution (See
Appendix, Lemma 1). It can be shown that the rate of change in the free energy is
always negative and proportional to the norm of the probability velocity field ( See
Appendix, Theorem 4)

dFt
dt

= −E[‖Vt(Xt)‖2]. (17)

Thus, the Free Energy of the network never increases. Moreover minimizing the
rate of change in free energy is equivalent to minimizing the probability velocity
field.

Contrastive divergence (Hinton, 2002) is an approach to learning equilibrium dis-
tributions based on minimization of a difference between two Kullback-Leibler di-
vergences, i.e., a contrastive divergence

Ct = D(ξ,X∞)−D(Xt, X∞) =
2
σ2
E[φ(ξ)] +H(ξ)

− 2
σ2
E[φ(Xt)]−H(Xt). (18)

Interestingly, contrastive divergence turn out to be proportional to a difference of
free Energies,

Ct =
2
σ2

(
F0(ξ)− Ft(Xt)

)
, (19)

and in the limit, as t→ 0

dCt
dt

∣∣∣∣
t=0

= − 2
σ2

dFt
dt

∣∣∣∣
t=0

=
2
σ2
E[‖V0(ξ)‖2]. (20)

Thus minimizing the initial contrastive divergence is equivalent to to minimizing
the initial probability velocity field.



Minimum Velocity and Standard Contrastive Divergence

Hinton proposed that in practice the gradient of the contrastive divergence can be
approximated as follows:

∇θ
(
E[φ(Xθ′

t , θ)]− E[φ(ξ, θ)]
)

(21)

Where in discrete time systems, t stands for a integer number of time steps. The
analogous for a continuous time system would be of the form

1
∆t
∇θ
(
E[φ(Xθ′

∆t, θ)]− E[φ(ξ, θ)]
)

(22)

Turns out, in continuous time systems as ∆t→ 0 this converges to the exact gradient
of the initial velocity, and thus the exact gradient of the initial divergence

∇θE[‖V0(ξ)‖2] =
σ2

2
d

dt
E[∇θφ(Xθ′

t , θ)]
∣∣∣∣
t=0,θ′=θ

(23)

Partially Observable Case

In many cases of interest the state Xt can be partitioned into observable units Zt
and hidden units, i.e., Xt = (Zt, Ht)′. In this case the goal is to learn a probability
distribution over the observable units. One way to approach this problem is to
initialize so they are at stochastic equilibrium, given the desired observable states,
i.e., Z0 = ξ and p0(h|givenz) = p∞(h |z) and make the goal of learning to minimize
the joint probability velocity over the initial joint state of observable and hidden
variables. As in the fully observable case, the probability velocity measures the
distance between two distributions

J(θ′, θ) =
σ4

4
E[‖V θ0 (ξ,Hθ′

0 )‖2]

=
∫
pξ(z)

∫
pθ

′

∞(h | z)‖∇z,h log pθ∞(z, h)−∇z,h log pξ(z)pθ
′

∞(h | z)‖2dhdz (24)

Note in the limit as θ → θ′

lim
θ→θ′

J(θ′, θ) =
∫
pξ(z)‖∇z log pθ∞(z)−∇z log pξ(z)‖2dz (25)

Thus

J(θ1, θ2) < SM(θ1) (26)
J(θ2, θ3) < SM(θ2) (27)
J(θ3, θ4) < SM(θ3) · · · (28)

Thus, minimizing the joint probability velocity ends up minimizing the Fisher score
distance between the desired distribution and the obtained distribution for the
observable units Since the problem now is fully observable, the gradient of the
probability velocity with respect to θ can be obtained using Hinton’s learning rule

∇θJ(θ, θ′) = ∇θE[φ(Xθ′

t , H
θ′

t , θ)]−∇θE[φ(ξ,Hθ′

0 , θ)] (29)

or, equivalently, the score matching learning rule.
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Figure 1: A Cascaded Network.

Sequential Minimum Velocity Learning

Here we show that the deep belief network learning algorithm is a special case of
minimum velocity learning. In particular as more networks are added to the layer
the velocity of the visible velocity decreases.

Let θ = (θ0, θn) were θi is the parameter vector for the ith layer ( see Figure ??). We
let V represent the visible units and Hi the hidden units of the ith layer. Assume
we have an energy model that can be decomposed as follows

φ(v, h1, · · · , hn, θ) = φ0(v, θ0) + φ1(v, h1, θ1)
+ φ2(v, h1, h2, θ2) + · · ·+ φn(v, h1, h2, · · · , hn−1, hn, θn) (30)

In networks like the Boltzmann machine this is always possible to do.

Here we show that these networks can be efficiently trained in a sequential manner.
On each stage a different set of weights is trained, leaving the previously trained
parameters fixed. An additional advantage is that it is not necessary to resample
the hidden units at equilibrium, i.e., the sample of hidden units from previous layers
are treated as observable units for training the next stage of weights.

θ(k) = (θ(k)
0 , θ

(k)
1 , · · · , θ(k)

n ) (31)

represent the network parameter after k learning cycles.

To begin with we set all the connections to zero, i.e.,

θ(0) = (0, 0, · · · , 0) (32)

On the first stage we vary θ0, to minimize the velocity of the observable units. To
this effect we collect s samples from the target random vector ξ. Denote this sample



as follows

{v(1), v(2), v(s)} (33)

and chose a value θ̂0 of θ0 that minimizes the velocity of the observable units

J(θ(0), θ(1)) < J(θ(0), θ(0)) (34)

where

θ(1) = (θ̂0, 0, · · · , 0) (35)

We then fix θ0 to θ̂0 and vary the connections in the first layer of hidden units θ1.
To this effect we need a sample from the equilibrium distribution of ξ,H1. This
can be efficiently obtained as follows. For each sample v(i we obtain a random of
hidden units vector h(i) with probability proportional to

eφ1(v(i),h1,θ1) (36)

This result on a sample

{(v(1), h
(1)
1 ), (v(2), h

(2)
1 ), · · · , (v(n), h

(n)
1 )} (37)

This becomes the target distribution which is treated as if it were fully observable.
Training results on a new of θ̂1 of θ1 such that

J(θ(1), θ(2)) < J(θ(1), θ(1)) (38)

where

θ(2) = (θ̂0, θ̂1, 0, · · · , 0) (39)

With θ1,θ2, fixed to θ̂1, θ̂2 we then train the parameters of the second layer of
hidden units. To this effect we need a sample from the equilibrium distribution of
V,H1, H2. This can be obtained efficiently as follows: For each sample (v(i), h

(i)
1 )

we collect a sample h(i)
2 with probability proportional to

eφ2(v(i),h
(i)
1 ,h2,θ1) (40)

We treat this as if it were an observable sample and use it to find θ̂2 such that

J(θ(2), θ(3)) < J(θ(2), θ(2)) (41)

where

θ(3) = (θ̂0, θ̂1, θ̂2, 0, · · · , 0) (42)

The process is iterated every time fixing the parameters of the previous layers and
the samples obtained from the previous layers, and training a new layer. It can
be shown (See Appendix Corollary XXX) that on each iteration the probability
velocity of the observable units given the target distribution ξ decreases.



1. Formulate a parameterized energy function φ(v, h, θ) with known gradi-
ents Ψv(v, h, θ) = ∇vφ(v, h, θ), Ψh(v, h, θ) = ∇hφ(v, h, θ).

2. Choose a dispersion constant σ > 0 and time step size ∆t > 0 and a
learning step size ε > 0.

3. Choose a method to sample from the target random variable ξ.
4. Initialize network to parameter θ.
5. Choose a sample v from the target variable ξ
6. Generate a sample h from the equilibrium distribution of the hidden

units given the observed v. Depending on the problem the equilibrium
distribution may be obtained analytically or by repeated iteration of the
process

Ht+∆t = Ht + Ψh(z,Ht, θ)∆t + σ
√

∆tZt (43)

where Zt is a zero mean, unit covariance matrix, Gaussian random vector.
7. Unclamp the observable units and generate a sample v′, h′ from(

V∆t

H∆t

)
=
(
v
h

)
+ ∆t

(
Ψv(v, h, θ′)
Ψh(v, h, θ′)

)
+ σ

√
∆t

(
Z
W

)
(44)

were Z,W are zero mean, unit covariance matrix, Gaussian random vec-
tors.

8. Update θ based on Hinton’s learning rule

θ ← θ + ε
(
∇θφ(z′, h′)−∇θ(z, h)

)
(45)

9. Go to Step 5.

Figure 2: A Minimum Probability Velocity Algorithm.

1 Non Gradient Systems

Say that directed graphs can be converted into a gradient diffusion by considering
φ(x) = log p(x) with proviso that we must know how to get gradient with respect
to x and with respect to θ and example of this is ICA.

Analytical Example: Learning Orstein-Ullembach Processes

Consider a single neuron network with a quadratic energy function

φ(x, θ) = −1
2
θx2 (46)

dXθ
t = ∇xθ(Xθ

t , θ)dt+ σdBt = −θx+ σdBt (47)

This defines an Ornstein-Hullenbeck diffusion process with a Gaussian equilibrium
distribution

pθ∞(x) ∝ eθx
2/σ2

(48)

Thus, Xθ
∞ has zero mean and variance σ2/2. Suppose we want for this network

to learn a target random variable ξ that is Gaussian with zero mean and variance
σ2
σ, i.e., p(ξ) ∝ exp(−ξ2/(2σ2

ξ )) Here we show that indeed the different approaches



reviewed in the paper: score matching, exact contrastive divergence, standard con-
trastive divergence, are up to a proportionality constant, identical versions of min-
imum velocity.

Minimum Velocity/Score Matching: The objective function in minimum ve-
locity is as follows

E[‖V θ0 (ξ)‖2] = E[‖∇xφ(ξ, θ)− σ2

2
∇x log p(ξ)‖2] (49)

And considering

∇xφ(x, θ) = −θx (50)

∇x log pξ(x) = − x

σ2
ξ

(51)

It follows

E[‖V θ0 (ξ)‖2] = E[(θξ − σ2

2
ξ

σ2
ξ

)2] = σ2
ξ

(
θ − σ2

2σ2
ξ

)2

(52)

∇θE[‖V θ0 (ξ)‖2] = 2σ2
ξ

(
θ − σ2

2σ2
ξ

)
= 2σ2

ξθ − σ2 (53)

Thus gradient descent on the probablity velocity would converge to

θ̂ =
σ2

2σ2
ξ

(54)

and at equilibrium

p∞(x) ∝ exp
(

2φ(x, θ)
σ2

)
= exp

(
− θ̂x

2

σ2

)
= exp

(
− x2

2σξ

)
(55)

Indicating that the desired equilibrium distribution has been learned.

The gradient of the velocity can also be computed as follows, which has the advan-
tage of not requiring the gradient of pξ

∇θE[‖V0(ξ)‖2] = ∇θ
(
E[‖∇xφ(ξ)‖2] + σ2E[∇2 · φ(ξ)]

)
. (56)

In our case

∇xφ(x, θ) = −θx (57)

∇2
x.φ(x, θ) = −θ (58)

and, as expected

∇θE[‖V0(ξ)‖2] = ∇θ
(
θ2
(
E[ξ2]− σ2θ) = 2θσ2

ξ − σ2 (59)

Exact Contrastive Divergence: As shown before the instanteneous contrastive
divergence equals the time derivative of the free energy

−F (Xθ
t ) = E[φ(Xθ

t , θ)] +
σ2

2
H(Xθ

t ) (60)



First we will compute the temporal derivative of the entropy. First note Xθ
t = ξ

thus, considering that ξ is Gaussian with zero mean and variance σ2

H(Xθ
0 ) = −E[log p(ξ)] =

1
2

(1 + log 2πσ2
ξ ) (61)

Now note to first order
Xθ

∆t
= Xθ

0 + ∆t∇θx(Xθ
0 ) + σ2

√
∆tZt

= ξ − θξ∆t + σ
√

∆tZt

= ξ(1− θ∆t) + σ
√

∆tZt (62)
where Zt is a zero mean, unit variance Gaussian random variable. Thus, to first
order, the variance at time ∆t is as follows

E[(Xθ
∆t

)2] = σ2
ξ (1− θ∆t)2 + σ2∆t (63)

and since, Xθ
∆t

is Gaussian, its entropy is as follows

H(Xθ
∆t

) = −E[log p(Xθ
∆t

)] =
1
2

(1 + log 2π(σ2
ξ (1− θ∆t)2 + σ2∆t)) (64)

From which the temporal derivative of the entropy follows

dH(Xθ
t )

dt

∣∣∣∣
t=0

= lim
∆t→0

H(Xθ
∆t

)−H(Xθ
0 )

∆t

= lim
∆t→0

1
2

log(σ2
ξ (1− θ∆t)2 + σ2∆t)− log σ2

ξ

∆t

= lim
∆t→0

1
2∆t

(
log((1− θ∆t)2 +

σ2

σ2
ξ

∆t

)
=

σ2

2σ2
ξ

− θ (65)

Second we compute the temporal derivative of the expected potential. First note

E[φ(Xθ
0 , θ)] = E[φ(ξ, θ)] = −1

2
θσ2

ξ (66)

E[φ(Xθ
∆t
, θ)] = −θ

2
E[(Xθ

∆−t)
2] = −θ

2

(
σ2
ξ (1− θ∆t)2 + σ2∆t

)
(67)

Thus
dE[φ(Xθ

t , θ)
dt

∣∣∣∣
t=0

= lim
∆t→0

E[φ(Xθ
∆t
, θ)]− E[φ(Xθ

0 , θ)]
∆t

= θ2σ2
ξ − θ

σ2

2
(68)

and
σ2

2
dF (Xθ

t , θ)
dt

∣∣∣∣
t=0

= −σ
2

2
dE[φ(Xθ

t , θ)
dt

∣∣∣∣
t=0

− dH(Xθ
t )

dt

∣∣∣∣
t=0

=
2
σ2

(
θ
σ2

2
− θ2σ2

ξ

)
− σ2

2σ2
ξ

+ θ = 2θ − 2θ2
σ2
ξ

σ2
− σ2

2σ2
ξ

(69)

Taking the gradient

∇θ
σ2

2
dF (Xθ

t , θ)
dt

∣∣∣∣
t=0

= 2− 4θ
σ2
ξ

σ2
(70)

Thus gradient descent on the free energy velocity, which equals gradient descent on
the contrastive divergence would converge to

θ̂ =
σ2

2σ2
ξ

(71)



Standard Contrastive Divergence

Given a fixed parameter θ′ we have to first order

Xθ′

∆t
= ξ − θ′ξ∆t + σ

√
∆tZt = ξ(1− θ′∆t) + σ

√
∆tZt (72)

Thus

φ(Xθ′

∆t
, θ) = −θ

2
(Xθ′

∆t
)2 (73)

E[φ(Xθ′

∆t
, θ)] = −θ

2
E[(Xθ′

∆t
)2] = −θ

2
σ2
ξ (1− θ′∆t)2 + σ2∆t (74)

and

lim
∆t→0

E[φ(Xθ′

∆t
, θ)]− E[φ(Xθ′

0 , θ)]
∆t

= −θ
2

(σ2 − 2θ′σ2
σ) (75)

Taking the gradient with respect to θ

∇θ lim
∆t→0

E[φ(Xθ′

∆t
, θ)]− E[φ(Xθ′

0 , θ)]
∆t

∣∣∣∣∣
θ=θ′

=
1
2

(σ2 − 2θσ2
σ) (76)

Thus gradient descent converges to the minimum velocity solution

θ̂ =
σ2

2σ2
ξ

(77)

Previous Work

The original Boltzmann machine paper (Ackley et al., 1985) and Harmony Theory
paper (Smolensky, 1986), introduced the notion of training stochastic networks to
exhibit desired equilibrium distributions. The application of this idea to diffusion
networks was presented in Movellan and McClelland (1993), Movellan (1998), and
Movellan et al. (2002). The idea of minimizing contrastive divergence first appeared
in Hinton (2002) where an algorithm was presented to approximate the gradient of
the contrastive divergence. Score matching was developed by Hyvärinen (2005)
as a method for training unnormalized probability models. The relationship be-
tween score matching and standard contrastive divergence was first pointed out by
Hyvärinen (2006). Here we show that in continuous time systems as t → 0 exact
contrastive divergence, standard contrastive divergence and score matching become
identical. We also present the connection between minimization of probability ve-
locity fields, contrastive divergence, and score matching.

Summary of Results

We introduced the idea of minimum velocity as a general principle for training
equilibrium distributions. We showed that:

• The probability velocity field of stochastic diffusions can be minimized using
the score matching algorithm (Hyvärinen, 2005), providing a novel inter-
pretation for that algorithm and a practical way to train diffusion networks.

• The rate of change of the free energy is proportional to the norm of the
velocity field.



• Exact and stnadard contrastive divergence are proportional to the deriva-
tive of the temporal derivative of the free energy.

• Exact contrastive divergence, standard contrastive divergence, score match-
ing, minimum free energy velocity, and minimum probability velocity are
equivalent in the limit as t→ 0.

Appendix

Unless otherwise stated, capital letters are used for random variables, small letters
for specific values taken by random variables, and Greek letters for fixed parameters.
The exceptions are H, and F , that stand for the entropy and free energy of random
variables. We leave implicit the properties of the probability space (Ω,F , P ) in
which the random variables are defined. The symbol ∇xf(x) stands for the gradient
of f , i.e.

(∇xf(x))i =
∂f(x)
∂xi

(78)

The symbol ∇x · f(x) is the divergence of f , i.e.,

∇x · f(x) =
∑
i

∂f(x)
∂xi

(79)

The symbol ∇2
x · f(x) is the Laplacian of f , i.e.,

∇2
x · f(x) =

∑
i

∂2f(x)
∂x2

i

(80)

If X is a random variable the term ∂f(X)
∂xi

is short notation for a random variable Y
such that for each outcome ω ∈ Ω

Y (ω) def= h(X(ω)) (81)

where

h(x) def=
∂f(x)
∂xi

(82)

For simplicity in the main body of the paper we suppress the dependencies on the
network parameter θ. In the Appendix we need to make this dependency explicit.
Thus here we work with a collection of random processes Xθ parameterized by
the network parameter θ. Each process is a solution to the following stochastic
differential equation

dXθ
t = ∇xφ(Xθ

t , θ)dt+ σdBt (83)
X0 = ξ (84)

Where ξ is a target random variable whose distribution we want to match. We use
the following shorthand notation

pθt (x) def= pXθt (x) (85)

Xθ
∞

def= lim
t→∞

Xθ
t (86)

pθ∞(x) def= lim
t→∞

pXθt (x) (87)

The goal of learning is to find values of θ such that the distribution of Xθ
∞ approx-

imates as best as possible the distribution of ξ, i.e. pξ(x) ≈ pθ∞(ξ)



Lemma 1 (Botlzmann Equilibrium). The Boltzmann equilibrium distribution
p(x) ∝ exp(−2φ(x)/σ2) minimizes the free energy,

F (p) = −
∫
p(x)φ(x)dx− σ2

2

∫
p(x) log p(x)dx. (88)

Informa proof. Using Lagrange multipliers for the constraint that
∫
p(x)dx = 1

ρ(p, λ)F (p) = −
∫
p(x)φ(x)dx− σ2

2

∫
p(x) log p(x)dx− λ(

∫
p(x)dx− 1) (89)

Taking the derivative with respect to p(u) and setting it equal to zero

φ(u)− σ2

2
(log p(u) + 1)− λ = 0 (90)

from which it follows that p(u) ∝ exp(−2φ(x)/σ2).

Lemma 2 (Ito’s Lemma). Let the n-dimensional process X satisfy the following
stochastic differential equation

dXt = µ(Xt)dt+ σdBt (91)

where σ > 0. Let f : <n ×< → <. Then the process f(Xt, t) satisfies the following
stochastic differential equation

df(Xt, t) =
∂f(Xt, t)

∂t
dt+∇xf(Xt) · µ(Xt)dt+ σ∇xf(Xt) · dBt +

σ2

2
∇2 · f(Xt)dt

(92)

Proof. This is a special case of the well known Ito’s Rule from stochastic calculus
(Movellan, 2006; Oksendal, 1992).

Lemma 3 (Score Matching). Let p be the pdf of the random variable X and q a
pdf, such that

lim
u→−∞

E
[∂ log q(X)

∂xi
|Xi = u

]
= lim
u→∞

E
[∂ log q(X)

∂xi
|Xi = u

]
= 0 (93)

for i = 1 · · ·n. Then
1
2
E[‖∇x log p(X)−∇x log q(X)‖2] =

1
2
E[‖∇x log q(X)‖2]

+ E[∇2
x · log q(X)] +

1
2
E[‖∇x log p(X)‖2]. (94)

Proof. (Based on Hyvärinen, 2005)

1
2
E[‖∇x log p(X)−∇x log q(X)‖2] =

1
2
E[‖∇x log q(X)‖2]

− E[(∇x log p(X)) · (∇x log q(X))] +
1
2
E[‖∇x log p(X)‖2]. (95)

Note

E[(∇x log p(X)) · (∇x log q(X))] =
∑
i

∫
p(x)

∂ log p(x)
∂xi

∂ log q(x)
∂xi

dx (96)



Now consider the first term in the sum, i.e. i = 1∫
p(x)

∂ log p(x)
∂x1

∂ log q(x)
∂x1

dx

=
∫ ∫

p(x1, x2:n)
∂ log p(x1, x2:n)

∂x1

∂ log q(x1, x2:n)
∂x1

dx1 dx2:n

=
∫ ∫

∂p(x1, x2:n)
∂x1

∂ log q(x1, x2:n)
∂x1

dx1 dx2:n (97)

where x2:n
def= (x2, · · · , xn)′. Using integration by parts we get∫ ∫

∂p(x1, x2:n)
∂x1

∂ log q(x1, x2:n)
∂x1

dx1 dx2:n =
∫ [

p(x1, x2:n)
∂ log q(x1, x2:n)

∂x1

]x1=∞

x1=−∞
dx2:n

−
∫ ∫

p(x1, x2:n)
∂2 log q(x1, x2:n)

∂x2
1

dx1 dx2:n = −E[
∂2 log q(X)

∂X2
1

], (98)

where we used the fact that∫ [
p(x1, x2:n)

∂ log q(x1, x2:n)
∂x1

]x1=∞

x1=−∞
dx2:n

= lim
u→∞

E
[∂ log q(X)

∂x1
|X1 = u

]
− lim
u→−∞

E
[∂ log q(X)

∂x1
|X1 = u

]
= 0. (99)

Thus,

E[(∇x log p(X)) · (∇x log q(X))] = −
n∑
i=1

E

[
∂2 log q(X)

∂x2
i

]
= −E[∇2

x · log q(X)].

(100)

Corollary 1.
1
2
E[‖∇x log pθ∞(Xθ

t )−∇x log pθt (X
θ
t )‖2] =

1
2
E[‖∇x log pθt (X

θ
t )‖2]

+
1
2
E[‖∇x

2
σ2
φ(Xθ

t , θ)‖2] +
2
σ2
E[∇2

x · φ(Xθ
t , θ)]. (101)

Proof. Apply Lemma 3 with X ≡ Xθ
t , p(x) ≡ pθt (x), and q(x) ≡ pθ∞(x).

Corollary 2 (Probability Velocity).

1
2
E[‖V θt (Xθ

t )‖2 =
1
2
E[‖σ

2

2
∇x log pθt (X

θ
t )‖2]

+
1
2
E[‖∇xφ(Xθ

t , θ)‖2] +
σ2

2
E[∇2

x · φ(Xθ
t , θ)]. (102)

where

V θt (x) def= ∇x
(
φ(x, θ)− σ2

2
log pθt (x)

)
(103)

is the probability velocity at state x, and time t, on a network with parameter θ.

Proof. Note

E[‖∇x log pθ∞(Xθ
t )−∇x log pθt (X

θ
t )‖2] =

4
σ4
E[‖V θt (Xθ

t )‖2], (104)

and apply Corollary 1.



Theorem 1 (Velocity of the Average Potential).

dE[φ(Xθ
t , θ)]

dt
=

1
2

(
E[‖V θt (Xθ

t )‖2] + E[‖∇xφ(Xθ
t , θ)‖2]− E[‖∇x

σ2

2
log pθt (X

θ
t )‖2]

)
.

(105)

Proof. Applying Ito’s Lemma (See Lemma 2) with Xt ≡ Xθ
t , µ(x) ≡ ∇xφ(x, θ),

and f(x, t) ≡ ∇xφ(x, θ) we have that

dφ(Xθ
t , θ) = ‖∇xφ(Xθ

t , θ)‖2dt +
σ2

2
∇2
x · φ(Xθ

t , θ)dt+ σ∇xφ(Xθ
t , θ) · dBt. (106)

Taking expected values
dE[φ(Xθ

t , θ)]
dt

= E[‖∇xφ(Xθ
t , θ)‖2] +

σ2

2
E[∇2

x · φ(Xθ
t , θ)], (107)

Application of Corollary 2 completes the proof.

Theorem 2 (Velocity of the Entropy). Let φ, pθt such that

lim
t→−∞

φ(x, θ)
∂

∂xi
pθt (x) = lim

t→∞
φ(x, θ)

∂

∂xi
pθt (x) = 0 (108)

for i = 1, · · · , n. Then
dH(Xθ

t )
dt

= E[∇2
x · φ(Xθ

t , θ)]−
σ2

2
E[∇2

x · log pθt (X
θ
t )], (109)

where H(Xθ
t ) is the entropy of Xθ

t .

Proof. Applying Ito’s Lemma (See Lemma 2) with Xt ≡ Xθ
t , f(x, t) = log pθt (x)

and µ(x) = φ(x, θ) we get

d log pθt (X
θ
t ) =

(
∂

∂t
log pθt (X

θ
t )
)
dt+

∑
i

∂

∂xi
φ(Xθ

t , θ)
∂

∂xi
log pθt (X

θ
t )dt

+
∑
i

∂

∂xi
φ(Xθ

t , θ)
∂

∂xi
log pθt (X

θ
t )dBi,t +

σ2

2
∇2
x · log pθt (X

θ
t )dt. (110)

Taking expected values,
dH(Xθ

t )
dt

def= −dE[log pθt (X
θ
t )]

dt
= −

∑
i

E[
∂

∂xi
φ(Xθ

t , θ)
∂

∂xi
log pθt (X

θ
t )]

− σ2

2
E[∇2

x · log pθt (X
θ
t )]. (111)

Where we used the fact that

E[
∂

∂t
log pθt (X

θ
t )] def=

∫
pθt (x)

∂

∂t
log pθt (x)dx = 0 (112)

Integrating by parts on the first term in the RHS of (111)

E[
∂

∂xi
φ(Xθ

t , θ)
∂

∂xi
log p(Xθ

t )] =
∫
pθt (x)

∂

∂xi
φ(x, θ)

∂

∂xi
log pθt (x)dx

=
∫

∂

∂xi
φ(x, θ)

∂

∂xi
pθt (x)dx =

[
φ(x, θ)

∂

∂xi
pθt (x)

]x=∞

x=−∞
−
∫
pθt (x)

∂2

∂x2
i

φ(x, θ)dx

= −E[
∂2

∂x2
i

φ(Xφ
t , θ)] (113)

From which the desired result follows.



Theorem 3 (Velocity of the Free Energy).

dF θt (Xθ
t )

dt
= −E[‖V θt (Xθ

t )‖2], (114)

where F θt is the free energy of Xθ
t .

Proof. Using Theorems 1 and 2

−dF
θ
t (Xθ

t )
dt

=
dE[φ(Xθ

t , θ)
dt

+
σ2

2
dHθ

t (Xθ
t )

dt
=

1
2
E[‖V θt (Xθ

t )‖2] +
1
2
E[‖∇xφ(Xθ

t , θ)‖2]

− 1
2
E[‖∇x

σ2

2
log pθt (X

θ
t )‖2] +

σ2

2
E[∇2

x · φ(Xθ
t )]− σ4

4
E[∇2

x · log pθt (X
θ
t )].

(115)

Using Corollary 2 we get that

1
2
E[‖∇xφ(Xθ

t , θ)‖2] +
σ2

2
E[∇2

x · φ(Xθ
t , θ)] =

1
2
E[‖V θt (Xθ

t )‖2]− 1
2
σ4

4
E[‖∇x log pθt (X

θ
t )‖2].

(116)

Applying Lemma 3 with X = Xθ
t , and p(x) = q(x) = pθt (x) we get

−σ
4

4

(
E[∇2

x · log pθt (X
θ
t )] +

1
2
E[‖∇x log pθt (X

θ
t )‖2]

)
=
σ4

4
1
2
E[‖∇x log pθt (X

θ
t )‖2].

(117)

from which the desired result follows.

Theorem 4 (Exact Contrastive Divergence). Exact Contrastive Divergence is
a Minimum Velocity Algorithm.

Proof. Contrastive divergence equals contrastive differential free energy which
equals velocity.

Theorem 5 (Standard Contrastive Divergence). As t → 0 standard con-
trastive divergence converges to exact contrastive divergence.

Given a fixed network parameter θ′

∇θ
dE[φ(Xθ′

t , θ)]
dt

∣∣∣∣∣
t=0,θ=θ′

= ∇θ
1
2
E[‖V θ0 (ξ)‖2] (118)

Proof. Applying the Ito rule of stochastic calculus we have that

dφ(Xθ′

t , θ) = ∇xφ(Xθ′

t , θ) · ∇xφ(Xθ′

t , θ
′)dt

+
σ2

2
∇2
x · φ(Xθ′

t , θ)dt+
∑
i

∂θ(Xθ′

t )
∂xi

dBi,t (119)

Taking expected values

dE[φ(Xθ′

t , θ)]
dt

= E[∇xφ(Xθ′

t , θ
′) · ∇xφ(Xθ′

t , θ)] +
σ2

2
E[∇2

x · φ(Xθ′

t , θ)] (120)



Taking derivatives

∂

∂θi

dE[φ(Xθ′

t , θ)]
dt

= E[∇xφ(Xθ′

t , θ
′) · ∂

∂θi
∇xφ(Xθ′

t , θ)]

+
σ2

2
∂

∂θi
E[∇2

x · φ(Xθ′

t , θ)]

(121)
Thus
∂

∂θi

dE[φ(Xθ′

t , θ)]
dt

∣∣∣∣∣
t=0,θ=θ′

= E[∇xφ(ξ, θ) · ∂
∂θi
∇xφ(ξ, θ)]

+
σ2

2
∂

∂θi
E[∇2

x · φ(ξ, θ)]

=
1
2
∂

∂θi
E[‖∇xφ(ξ, θ)‖2] +

σ2

2
∂

∂θi
E[∇2

x · φ(ξ, θ)] (122)

Thus, using Corollary 2 with t = 0, and considering Xθ
t (θ) = ξ

∇θ
dE[φ(Xθ′

t , θ)]
dt

∣∣∣∣∣
t=0,θ=θ′

= ∇θ
(1

2
E[‖∇xφ(ξ, θ)‖2] +

σ2

2
E[∇2

x · φ(ξ, θ)]
)

=
1
2
∇θE[‖V θ0 (ξ)‖2]. (123)
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