Probability Estimates for Multi-class Classification by Pairwise Coupling
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Multi-class Probability Estimation

[ Given k classes of training data

[ Pairwise probability estimates r;; known
Any new x,

rij & pi; =ply=1i|y =1 or j,x) available

[0 Goal: estimate

pl:p(y:’L‘X),Z:l,,k

Motivation

[0 Provide multiclass probability outputs for SVM
By pairwise coupling (like 1vsl voting for multi-class
classification

[0 Applicable to other two-class methods
Probability estimates:

e Make post-processing possible
e May help multi-class classification

Review of Existing Methods

U Voting:

-9 Z I{T13>T11}

Problem: p; < 2/k, Vi, may not be good estimate
O [Refregier and Vallet 1991]:

Tig o Mg _ &’ Vi, j

Tji  Hji Py
A k-variable linear system

{ any k — 1 equations: r;;p; = 1;;D;
k
2limipi=1

Problem: p depends on selecting of £ — 1 equations

O [Price, Kner, Personnaz, and Dreyfus 1995]

ij_1:» (> pitp)—(k—2pi=1
J:g#i
Y Y pitp,
Yoo (k-2)=
ES

Solve p, then normalize it
Problem: a bit heuristic; no comparison so far

00 [Hastie and Tibshirani, 1998]: Minimizing Kullback-
Leibler distance between 7;; and p;;:

mlnznljrlj IOg(sz/sz
i#]
k
dlimpi=1
subject to p; >0, i=1,...,k
pi; = pi/ (pi + p;)

e A nonlinear system
If r;; > 0, Vi # j, unique global minimum
An iterative procedure to find the solution p*

o p} the same order as p;

£ &3 e = = st:s j 'Js
pi > pi < pi > pj, where p; = ,C(T#Q;J
e p from
Di +pj Di
pi = > ( )( )
k-1 i ;
g it P,
= SOy & B
B k=177 k(-1
g ( )
replacing pi + p; with 2/k, and p,; with r;;

Problem: if p; + p; % 2/k?

Our First Approach

] Not replacing p; + p; with £/2 in (1)

k
_ Di +p]
pi = Z( r—1 )rij, Vi, with p; > 0, Vi, Zpl =1
Jig#i Pt
(2)
00 (2) : a linear system
rij/(k if i £ 7,
= Db, iy = 3
Qp = p, Qij {Zs:s;ﬁiTSi/(k_l) ifi—j (3)
0 A 3 x 3 example of Q
m2/2 4 13/2 r12/2 r13/2
721/2 r91/2 + 1r23/2 T3/2
r31/2 r32/2 r31/2 + T32/2

[ A finite Markov Chain with transition matrix
— Can be easily solved
If ;; >0, % # 7, (3) a unique solution p with
0<p; <1,Vi

[J An optimization point of view

2) = (k-Dp= Z (pi +pj)Ti
JijFi
= Z TjiDi — Z TijP; = O,VZ
JijFi JijFi

[0 A convex problem with unique solution

mlnz Z TjiPi — Z rijpj)2

i=1 jij#i J:iF#i
k
subject to Zpi =1,p; >20,Vi
i=1



Accuracy Rates
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Figure 1: Accuracy: dgr (solid, x), dy (dash, O), é; (dotted, o), d> (dashed, *) and dpxpp (dashed, Q)

Our Second Approach

O pi/(pi +pj) = Tij = T5ipi = Tijp;

k
1 9
min 5 Z ‘ZA(Tjipi —TijP;)
i=1 j:j7#i
k
subject to Zpi =1,p; >0, Vi
i=1

00 An improved version of [Refregier and Vallet]
0O (4) equivalent to without p; > 0, Vi

[0 A linear-constrained convex quadratic program

Zs:s;ﬁi Tf’i

TjiTij

if i = j

1
mgn §PTQP,QU = { .y (5)

k
subject to Zpl- =1,p; >0, Vi
i=1

0O (5) solved by a linear system (KKT)
Q el|p|_ |0

e’ 0] |b| |1

Generally, ) positive definite = (5) unique solution

Q+ Aee” e] {p}:[Ae}
e’ 0| b 1

(6)

(7)

Q + Aee” PD and [3 g} exists. (7), equivalent to
(6), by Gaussian elimination

Q + Aee” symmetric and PD, Cholesky factorization
saves the computational time.

0 A fixed-point algorithm regardless existence of Q!

Algorithm 1
1. Initial p; > 0,Vi and Zle pi = 1.

2. Repeat (t=1,...,k,1,...)

1
pr— === > Qup; + P Qp]
Qu” S

normalize p

until (6) is satisfied.

0 Theorem : Converges if r;; > 0 Vi, j

[J Two proposed methods : linear systems
= simpler than HT (nonlinear)

Relations Among Four Methods

[0 Under Zle p; = 1 and p; > 0,Vi:

k k

. 1 1
duT : mmZ[Z (rij— — —pi))?
P ST g k 2
k k )
or: miny [ Y (rips —rjipi) ]
P =1 jijAi
E Ok )
g : mgnz Z (7ijpj — T5ipi )
i=1 jij#i
E Ok )
6‘/ : m};nz Z (I{Tij>7‘ji}pj — I{Tj-;>7“ij}pi)
i=1 j:j#i

0 6y — gt : 1etting pj = % and Tij = %
Ignore differences between p;

[ 92 — 0y : replace ry; with Iy, .,
Enlarge differences between p;

[0 7: tends to underestimate the differences between p;’s

[0 |: tends to overestimate the differences between p;’s
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Figure 2: MSE (row 1) and Accuracy (row 2,3) of small (solid) and large (dotted) datasets. From left to right sorted by k: dna,

waveform, MNIST, letter

Simulated Examples

Assuming p; known with correct class p, three schemes:
p3 p2

Pa P2 P1 p1
R 1K
pﬁ%& o Ps %D o P10

p7 Py P4 Ps
(b)

Ps
(a)

D@P&”Pw

b2
(c)

pi
Pi+Dp;
=1

+0.1z; ifi>
if j >4,

z;; + Normal(0, 1)

— T'L'j

0 (a) Small difference between p;
(b) Larger difference between p; == p; +p; # k/2

(c¢) Huge differences between p;, extreme case of (b)

0 Figure 1 :
61 and Jo less sensitive to p;; overall fairly stable
Agree with the relation from optimization formulations

O 6, performs worse, especially MSE as p; < 2/k, Vi

O épr: Performance (c)<(b)<(a), since p;, + p; ~ k/2
increasingly violated

Real Data

00 Small (300 training and 500 testing) and Large (800
and 1000) data sets;

Each problem : 20 training/testing pairs

dataset | dna waveform MNIST letter
#class 3 3 10 26
F#attribute | 180 21 784 16

[J SVM as binary classifier

112

e RBF kernel e 7llzi—2;

e Parameter selection: five-fold CV on (C,v) by

LIBSVM.
Given (C,~)
el Tods

decisiorll values

rij

validation accuracy

e Platt’s probability estimates for r;;:

ri; = P(i] 7 or j,x)

1
14 eATHB

A and B: minimizing the negative log-likelihood

[J Random forest as binary classifier
CV to select best mtry among {1, v/m,m/3,m/2,m}

Real Data: Results

0 k small: four methods similar

O k large: dgr less competitive

oy fairly good accuracy, but bad in MSE

Characteristics of real problems here closer to simula-
tion Figure 1(c),(f), rather than Figure 1(a),(d)

[0 When k large, do comes closer to dy

61 and do in the between among four methods.

0 Random forest similar

Conclusions

[J Four methods connected by optimization formulations

[J HT and Voting are extreme cases

Two proposed methods are in the between = tend

to be more stable



