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1 Notation

An m x n matrix is a real valued matrix with m rows and n columns. R™*"
represents the space of such matrices. o’ is the transpose of matrix a. I, is
the n x n identity matrix. An m dimensional vector is a matrix with m rows

and 1 column.

2 Cross Products

For a,b € 3

a x b= Rla)b

where the linear function R : B3 — R3 @ R3 is defined as follows

0 —XI3 i)
R[.I] = I3 0 — T
—T2 I 0
Properties
[ ]

a x b= |allb| sin(f) n

(3)

where 6 is the angle between a, and b, and n is a unit vector orthogonal
to the plane defined by a,b and oriented according to the right hand
rule: Forefinger points to a, middle finger points to b and n points in

the direction of the thumb.

e axb=-bxa

ax(b+c)=axbt+axc

always hold.

ax(bxec)+bx(exa)+ex(axb)=0

a x (bxc) # (a xb) x c where the # means that equality does not



If a xb=axcand a =0 this does not mean that b = ¢ To see why
note a xb—a x ¢ =a x (b—c¢) and we do not need b = ¢ for this to
be zero, we just need b — ¢ parallel to a.

ax (bxc)=bla-c)—c(a-b) Also known as the BAC minus CAB rule
ja x b = (a-b)* + |a|* + [b°

r(a x b) = (ra) x (rb) where r is a rotation matrix.

Pf. Since rotations do not change vector lenghts and vector angles,
thus a x b = r(|a||b| sin(é(a, b))n(a,b)) = |ra||rb|sin(6(ra, rb)n(ra, rb)
and since n(a,b) is a unit vector orthogonal to a,b then (rn)(rb) =

'r'rb =n'b = 0, i.e., rn is orthogonal to rb, and by similar argument
to ra. Thus rn = n(ra,rb).

Determinants
|ab| = |a]|b]
o™ = &

la]
I+ zy|=1+2"y, x,y € R"

o+ zy'| = lal(1 + (a™"2)'y)

Tr(a +b) = Tr(a) + Tr(b)

Tr(a) = Tr(d')

Tr(abc) = Tr(cab) = Tr(bca)

Tr(zy'a) = y'ax, v € R™,y € "

Tr(a'rt') = a'rb need to confirm whether r does not need rotation

If ais m x n and b is n x m then Tr(ab) = Tr(ba) = Tr(a't’)



5 Matrix Inverses

e Woodbury Identity: (a +ubv)™ =a ' —a  u(b™ +va=tu)tva™?
where a, b, u, v are matrices.

e Special case of Woodbury Identity:

n-1_ -1 a /
(a+axa’)™ =a™ — 0wy
1

where a is a symmetric matrix, « is a scalar, x is a vector, and y = a™ " .

e (at+bo H t=ala+b)"'b
o (ab) ' =b"la!
o (a+b) "t =at37(=1)"(ba™")’
for ba~! with spectral radius smaller than 1.

o (a+eb) P ~at—eatba"t with error

—ea 'b((a+eb) ™t —ah) (4)
where € > 0 is a small positive constant.

The (a+b)~! infinite series and the the Woodbury identity are proven in the
Appendix. It is useful in recursive least square problems. In such cases we
typically have an equation of the form

i1 = (07 + azzy) ™! ()
where « is a positive constant, x is a vector and o; is known. Using Wood-
bury’s identity we get

«

Opri1 = 0y — oL,y (6)

1+ axiox,

Note 1 + azxjoix; is a scalar so basically we avoided having to do a matrix
inversion.
Regarding the matrix inverse approximation note

(a+eb) = (a(l +ea b)) =T +ea b)) tat = (I —eab)a™ (7)

with error of order €2.



6 Matrix Exponentials

le?] = e™(a)
o if a = pAp~! then e® = pelp~!

det® __ ta
F7 ae

° ixletay — 2fetal,y/

da
6.1 Proofs:
ax/eta _ i , t(a+51i19)y _ Lll/em <iet51i19) y
da;;  do 5=0 do 0=0
= x’et“tlilgealilljy 5 = t(et%)z@% (8)
=0
Thus a /! ta
gz = texy (9)

7 Matrix Logarithms

Let a a real or complex square matrix of ordeer n with positive eigenvalues.
Then there is a unique matrix b such that (1) a = e’ and (2) the imagignary
part of the eigenvalues is in [—m, 7]. We call b the principle logarithm of a.

e if a = pAp~! then log(a) = plog(A)p~!

8 Kronecker Product, Kronecker Sum, Vec,
Vec-T, Vec-H

Provide a way to deal with derivatives of matrix functions without having
to use cubix or quartix (i.e., matrices with 3 or 4 dimensions). Instead of
working with matrix functions we work with vectorized versions of matrix
functions. This gives rise to the Kronecker product, or tensor product.



Definition 1. Kronecker product
aub cee alnb
a®b= P (10)
Am1b - apnb

Definition 2. Kronecker sum Let a be an m X m matrix and b an n X n
matrix. Then

adb= (I, xa)+ (b®I,) (11)
Note the Kronecker sum is not commutative

Definition 3. Vec operator For a matrix a the Vec operator creates a
column vector Vec[a] by stacking the columns of x bellow one another

a1

am1
Q12

Vec|a] = E (12)

Am2

a1n

amn
Definition 4. Vec Transpose The vec-transpose matrix 7,,, of an m xm
matrix a is defined as follows

Tpn.nVecla] = Vec[d'] (13)

Note 7, is an (mn) x (mn) permutation matrix, i.e., it is made out of zeros
and 1s, an each row and each column has a single 1. For example for a 2 x 3
matrix

a1 0/11 11
az1 ayy a12
/
Vecla] = i Vec[ad'] = G2 | — [ 9 (14)
12 5% 22
22 Cl/13 a31
32 a/23 a32



Thus

(15)

S OO OO
OO = O OO
o O O o= O
O = OO oo
SO O o= OO
_— o O O o o

It is easy to confirm that for an m x n matrix a, the element k in Vec[a]
maps into element

Jn + int|
m m

mod| ] +1 (16)

where mod[-] gives the remainder in (k — 1)/m and int[-] gives the integer
part. Below is matlab code to compute the 7,,,, vec-transpose matrix.

d = m*n;
Tmn = zeros(d,d);
i=1:d;

rl = 1+m.*(i-1)-(m*n-1) .*floor((i-1)./n);

I1ls = sub2ind([d d],rI,1:d);

Tmn(Ils) = 1;

Tmn = Tmn’;

Definition 5. Vech The Vech operator vectorizes a matrix with the upper
portion excluded. It is typically used when the matrix is symetric

aia

Qn,1
a2 9

Vech(a) = : (17)

an,Z

anfl,n

Qpn
The Vech operator can be seen as a matrix .5,, times the Vec operator

Vech(a) = S, Vec(a) (18)



8.1 Properties

If a, and b have one of the properties below, then a ®b has that property too:
(1) nonsingular, square upper triangular, square lower triangular, banded,
symmetric, positive definite, stochastic, Toeplitz, orthogonal.

If a, b are square

(@®b)" = a" ® b" (19)

aRbRc=(a®@b)®c=a® (bR c) (20)

provided the dimensions of the matrices allows for all the expressions to exist.

(a+b)®(c+d)=a®c+axd+bRc+b®d (21)

(a®b)(c®d) = (ac) ® (bd) (22)
From the previous property letting ¢ = I,,, b = I, it follows that

a®d=(a®I,)(I,®d) (23)
(a®b)(b®d) = (ac) ® (bd) (24)
(a@b) =d @ (25)
(a@b) '=aleb! (26)
Ve [abd] = (¢’ ® a) Vec [} (27)

A useful corollary. If a is an n X m matrix and b an m X p

Vec(ab) = Veclabl,] = (I, ® a)Vec[b] (28)
Vec(ab) = Vec|l,ab] = (b’ @ I,,,)Vec|d] (29)
Vec(ab) = Veclal,b] = (V' @ a)Vec|I,] (30)

If x,y are vectors then

vy =r®d (31)



Vi Vec[abe] = V(¢ @ a)Vec[b] = (¢ @ a) = c® d (32)
If abe is a vector then
Vvecpjabe = ¢ @ a’ (33)

If {\;,u;} are eigenvalues/eigenvectors of a and {d;,v;} are eigenval-
ues/eigenvectors of b then {\;0;,u; ® v;} are eigenvalues/eigenvectors ofr
a®b

det[a ® b] = det[a|™det[b]" (34)

where a, b are of order n x n and m x m respectively.

Tr[a ® b] = Tr[a] Tr[b] (35)

Tr[ab] = Vec[a']' Vec[b] (36)

Tr[abe] = Vec[d']' (I @ b)Vec]c] (37)

Vecla @ b = (I, ® T, m1,)(Vec[a] ® Vec|b]) (38)

Let a be n X n matrix and b be a m x m matrix. Let @ be teh Kronecker
sum

a®b=a®Ln+1,®b (39)
rank[a ® b] = rank[a]rank[b] (40)
e = ¢ ® b (41)

Vel (a2b2") = Vo Vee(z') (0 @ a) Vecx
=b®d +V @aTr(a®Db)
= Tr[a] Tr[0] (42)



where a,b, x are matrices. Regarding the properties of the vec transpose

matrix. First note
z,m - Tm,l - Im
Given an m x n matrix a

T.m T n Vecla] = Vec[d]

Thus
T =Tom
In addition it can be shown
Tom = (Tonn)’

Thus 7,,,, is orthonormal.
Given an m X n matrix ¢ and an p X ¢ matrix b

a®b="T,,(b®a)T,,
To see why let ¢ be an arbitrary ¢ X n matrix and note
T p(b ® a)T, , Vec[c] = Tp, (b @ a)Vec|d'] = T, ,Vec[ac'V|
= Vec[bca'] = (a ® b)Vec|c]

From the previous property it easily follows that
Tpma®@b=(b®a)T,,
a®07,,="Tn,(b®a)

Moreover if either a or b are vectors, i.e., n =1 or ¢ = 1 then

a®b="T,,(b®a)

9 Hadamard product

(43)

(44)

(45)

(46)

(47)

The Hadamard product a o b of two m x n matrices is defined as follows

(@ob);;=a;;bfori=1---m,j=1---n

Properties:

Vec|a o b] = Diag[Vec|a]]Vec[b] = Diag[Vec[b]|Vec|a]

(52)

(53)

where Diag[v] of a vector v is a diagonal matrix whose diagonal is the vector

.

10



10 Matrix Calculus

Partial Derivatives:  The partial derivative of a p x ¢ matrix f(x) with
respect to a m X n matrix x is a (mp) x (nq) matrix takes the following form

of(x) ... O9f(»)
af(x) ot 338'11 8$‘1n
or : : (54)
v of(x) .. 0f)
mel 833mn
where
of () . 9f(®)ig
O0x; i oxi;
af(l‘) def . ! i . !
Sl (55)
Tig of(@p1 . O (@)pg
Ox;; Oz
Thus
of(x)un . 9f(®n of(@hg . 9f(@)ig
0x11 0x1n tet Or11 O0r1n
M . M X m . m
OTm OTmn OTm O0Tmn
Of(@) o o L (56)
o 2@ ol Uy | Ol
Or1y O0r1n Tt Ox11 Ox1n
of(@pr . Of(@)p co Of(@)pg .., Of(@)pg
8.’L'm1 OTmn O0Tm1 OTmn

Matrix Derivatives: f(x) can be a scalar, vector or matrix, and the ar-
gument x can be a scalar, vector or matrix. It is useful to define the matrix
derivative differently depending on the types for f and z:

If = is a matrix and f(z) a scalar or if x is a scalar and f(x) us a matrix, we
define the matrix derivative df /dz as follows

Of(z)r .. Of(xh
d . o1 O0Tm
dr ox' 01(x) o/(x)
o1 T 8J:mp

otherwise we define it as follows

D fa) — F@) s Vecl ()]

dr OVeclx]

(58)

11



Jacobians, Gradients: The Jacobian matrix is another word as the ma-

trix derivative (as defined here). Sometimes we use the symbol J, to represent

it

df (x)
dx

The gradient is the transpose of the Jacobian, i.e. the transpose of the
matrix derivative. We represent it as V,

Vaf (2) = (Jo(2))' (60)

Jof (1) = =D, f(x) (59)

Hessians: We define the Hessian of a scalar function f(x) of a vector z as
the derivative of the transpose of the derivative of x. We represent it with a
variety of symbols, incluyding : H, f(x), V2f(x) as seen below

d

H,[(2) = V3f(@) = Da(Daf (2)) = Dawr f (@) = (- F(2))

_Pf) 9 ((’h‘(ﬂf))'_ 0*f(x)

" dzde o' \ o« - 020z
Pf) .. ()
0x10x1 O0zpn 0z
= (61)
Pfx) .. 9Pf(x)
0x10xn 0xn0xn
10.1  Chain Rule
Let z = g(y), y = f(x), be matrix functions of matrice
D,z = Dyz D,y (62)
dz dzdy
=g 63
dr  dydx (63)
or in partial derivative notation
dVeclz]  0Vec[z] OVec|y] (64)
or oy oz’
Taking the transpose we get th chain rule in gradient notation
V.2 =V, yVyz (65)

12



Example 1. Let x, y vectors

/ /
deV® deV*dy'x ‘o

de  dy'r dx =y (66)
10.2 Product Rules
Let f(z) be an m X n matrix and g(z) a n X p matrix then
df (x)g(x) df (x) dg(x)
= (9(2) ® L) == + (I, @ f(x)) = (67)

The rule is derived in Example 2

Corollary 1. Inner Products: If f(z),g(x) are vectors then applying the
product rule

) _ 0y ) g o)

since f(z)" is an 1 X n matriz (i.e., not a column vector) then the derivative

1s defined as follows

(68)

df(x)" _ dVec[f(z)] _ f(z)

de — Vecz] = dx )
Thus
df(xa?xg(x) :g(x),% N (x)/dz_(f) (70)

Corollary 2. Scalar products If f(x) is a vector function and g(x) a scalar
function of a vector x. Then applying the product rule
df (z)g() df (x)

PO _ (g(ay @ 1,0 T 4 () 2)

or using the standard definition for the product of a scalar times a matrix

POt _ T o) 1 g 200) (72)

Corollary 3. Derivatives with respect to scalars: If f(x)g(x) is a ma-
triz and x a scalar. Then it can be shown that the product rule becomes as
follows

(71)

A (2)g(x) _ df ()
dx dx

dg(r)
dx

g9(x) + f(x) (73)

13



10.3 Matrix Differential Calculus

Working with matrix differentials provides an elegant way to prove useful
rules for matrix derivatives. We define the differential df (x, dz) of a matrix
f(z) at x with increment dz as the part of f(z + dz) — f(z) that is linear
on dr. When the context permits, we use the symbol df(x) as short-hand
notation for df (z, dz).

Properties of Matrix differentials

da = 0, for a constant with respect to x (74)
d(f(x)g(x)) = (df (x))g(x) + f(x)dg(x) (75)
d(f(z) © g(x)) = (df (x)) ®@ g(x) + [ () © dg(x) (76)

d(f l‘)og( ) = ( f(x)) o g(x) + f(x) o dg(x) (77)

dr' = —z ldex (78)

dlz| = a:\Tr[x 1d£L’] (79)
dTr[z] = Tr[dz] (80)
dlo(z)] = o(d[z]) (81)

where o is a linear function, i.e. if z,y are matrices and «, (3 are scalars then
o(ax) + o(ay) (82)

Example of such linear functions are the trace,, the transpose, the Vec or any
operators that rearranges or reshapes x.

Identification Theorem 1: The identification theorems allow us to work
with matrix differentials, which is convenient, and then extract the corre-
sponding matrix derivatives:

Vecldf (z, dz)] = a(zx)dVec|z] <= dfd(;) = a(x) (83)
or in simplified notation
dVec[f(z)] = a(x)dVec|z] <~ dj;(;) = a(x) (84)

14



Identification Corollary 1: If f(z) is a scalar

d
df (x) = Trla(x)dz] — % = Vec[a(z)"] (85)
Chain Rule: The identification theorem can be seen as a chain rule.
d
Vecldf (x, dz)] = MVec[daz:] (86)
T

We can then combine it with the chain rule of derivatives. Thus, if z =
h(z) = g(y) where y = f(x) then

_dz _dz)dy
Vec[dh(z, dx)] = deec[dx} =0 deeC[da:] (87)

From this follows the Cauchy rule of invariance:
dh(z,dz) = dg(x,df (z,dx)) (88)

Proof.
d d d

dh(z,dz) = %d—z\/ec[dx] = iz(yy) Vec|dy| = dg(y, dy) (89)
[

10.3.1 Proofs of differential properties

Here we show examples of how to prove the properties of matrix differentials

Product rule:

d(f(x)g(x)) = (df (x))g(x) + [f(x)dg(x) (90)

Using linear properties of differentials

(d(f(@)g(2))i; = d(f(@)g())iy = A fulw)gi(@))

= d(fu(x)gr(x)) (91)
And since to first order k
Jole + da)g(e + da) = fu(x) dggf) do + gk(x)dfsl—:(f)dx (92)
then
d(fr(z)gr(z)) = fr(z)dgr(x) + (dfi(x))gr(x) (93)

15



Inverse rule:
d(z'z) = v do +do ' (94)
and since zz’ = I and the differntial of a constant is zero, then

de™' = —z tdra™? (95)

Identification Corollary 1: From the properties of the Vec operator
Tr[a(z)dz] = Vecla(x)']' Vec|dz] (96)
Thus considering f(x) is a scalar, if
4f (z) = Tr(a(z)d] (97)
then

dVec(fx) = Vec[a(z)']' dVec|z] (98)

10.4 Matrix derivative rules

Here we see examples of how to use matrix differential rules to obtain some
useful matrix derivatives rules

Example 2. Product Rule: Let f(z) € R™*", g(z) € R

d(f(x)g(x)) = (df (x))g(x) + f(x)dg(x) = Ln(df (x))g(x) = f(x)d(g(x)) 1L,

(99)
Thus
Veeld(f(z)g(x)] = g(z)' ® I Vec[df (x)] + I, ® f(z)Vec[dg(x)]
= o) @ 1, T ONeela(w) + 1, © ()2 Vel
(100)
Thus, using the identification theorem
WIS _ g0y 0 10T 4 (1,0 @2 o)
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Example 3. Let a € ™" be a constant with respect to z € R"*P. Then

using the product rule

dax = adx
Moreover
Vecld(az)] = Vecla(dz)I,| = I, ® aVec[dz]
Thus
dax
o @

Let x € R™*" a € R"*P

d(za) = (dx)a = I,(dx)a

Thus
Vecld(za)] = ' ® I, Vec[dz]
and
dza ,
- I,
I a @

Example 4. Let x € R™*",
drx' = (dz)2’ + z(d2') = L,(dz)2' + x(dx') I,
Thus

Vecldza'] = (z @ Iy)dx + (I, ® x)da’
= (2 ® I,)dx + (1, ® )T, mde

Thus, using the identification theorem

dxx'

dx

= @@ In) + (Un®2)Thm

17
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(109)
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Moreover, since

then

dxx'

dx

=(x® 1) + Tom(z ® I,)

Note if m =1, then vv,, , = I, =1 and

dxa'

dx

= 2z

Example 5. Let z,a be symmetric matrices

d(zax) = I(dz)(azx) + za(dx)]

(111)

(112)

(113)

(114)

Vec[d(zax)] = ((ax) @ I)Vec[dz] 4+ (I @ (za))Vec|dx] = (I @ (za)) Vec[dz] 4+ (I @ (za))Vec|dx

Thus

d(zaz)
dz

Note for z,a symmetric, the product xa is symmetric only if xa = ax.

Example 6. Using the product rule

dr—tx , dor=t
= I)—+1 1=
dx (v @ L) dx T 0

Thus

-1

o el (her ) =@ e
Example 7.
dTr[azb] = Trladzb] = Tr[badx]
Thus
dTr[azb] b
dz

18

= (I ® (za))’ + (I @ (za))

(115)

(116)

(117)

(118)

(119)

(120)



Example 8.

dTr[(axb — ¢)'e(axb — ¢)] = Tr[(a(dz)b) e(axb — )]
+Tr[(azxb — c)ea(dz)b] (121)

Note

Tr[(a(dz)b) e(azb — ¢)] = Tr[(axb — ¢)'¢'a(dx)b] = Tr[b(axb — ¢)'€ adx]

(122)
and
Tr[(azb — ¢)'ea(dx)b] = Tr[b(axb — c)'eadx] (123)
Thus
dTr[(azb — ¢)'e(axb — ¢)] = Tr[b(azb — ¢)'(e + €')adx] (124)
and using the identification theorem
dTr{(azb —;)U’e(axb —al _ b(azb — c)'(e +€')a (125)
Example 9. Let a,b be constant. Then using the product rule
d(axb) = (dax)b = a(dx)b (126)
Using the rules for Kronecker products
dVec|azb] = Vec[a(dz)b] = (V' @ a)Vec[dz] (127)
Thus, using the identification theorem
d;ib —V®a (128)
Note if a, b are vectors then
dz:b —abl =Va (129)
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Example 10. Let a,b be constant. Then using the inverse rule

d(ax™'b) = —az~(dz)z~"b (130)
Using the rules for Kronecker products
dVeclar b = —(Vz ' @ (az™')) ® Vec|dz] (131)
Thus, using the identification theorem
dax='h
“;Cx = — (27 %) ® (az ™) (132)
Note, if a, b are vectors and z is symmetric
/=1
da;x b_ —z tba’x ! (133)
Example 11.
d(f(z)'g(x)) = (df (x))g(x) + f(2)(dg(x)) = g(x)'df (x) + f(x)dg(z)
df (x) dg(x)
_ /
= (9@ =+ @) ) da (134)
Thus, using the identification theorem
df (z)'g() df (z) dg(x)
= 1
D — ooy L ) (135)
Example 12. Using the inner product rule
dg(x)'ah(z) = (dg(x))'ah(x) + g(z) adh(x)
dg(x) dh(z)
_ 1 149\T) /
- (h(@ L 4 glw)a— )dx (136)
Thus
dg(x)'ah(z) , 1dg(x) , dh(z)
= 1
T h(z)a I +g(x)a I (137)
Example 13.
d|z| = Tr[|z|z~'dx] (138)
Thus, since |z| is a scalar, using the identification theorem
d
% = |zjz! (139)



Example 14.

d|2'z| = Tr[|o'z|(2'z) " td(2'2)]
= Tr[|2'z|(2'z) 2/ dw + (do')x]

(140)
Considering (2'z)~! is symmetric
Tr[(z'z) " (d2')z] = Tr[((2'x) " (da')z)']
= Tr[(2/dz)((z'2) )] = Tr[(2'z) 2 da] (141)
Thus
dla'z| = 2Tr[|2'z|(2'x) " a; dx] (142)
and, since |z'x| is a scalar
d|CL’/l‘| . ! /o\—1
e 2|2 z|(2'z) " (143)
Example 15.
dTr[a (2'2) ta] = Tr[d (d(2'z)'a] = —Tr[d (2'2) " 'd(2'z)(2'x) " a)
= —Trld (z'2) " (2'dx + (d2')z)(2'2) 'a] (144)
Note
Trld' (2'z) ‘2 dz(2'z) " a) = Tr[(x'z) tad (2'x) 2 da] (145)
and
Trld' (z'2) " (do')z(2'x) "a] = Tr[(d2')z(2'z) tad' (2'x) ™
= Tr[(x(2'z) tad (v'2) ") dz]
= Tr[(«'z) tad (2'z) 2’ d] (146)
Thus
d 1ot N1 L T
—Tr[a'(2'x) " a] = —2(2'z) " ad (') x (147)

dx
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Example 16. Let a = z2’ where z is an n x n lower triangular matrix.

da = xdz' + (dz)d = cd2d'I, + I,,(dx)d
Veclda] = (1,®) T, + (c®)>\/ec[dx]

da  dVec|a]

2 - W(In@amm + (c®)>

Note
Vech[a] = S, Vec|a]

Using the chain rule

dVech[a] ~ dVechla|da dz g da o
dVech|z] da  dvdVech[r] "dr "

Example 17. Matrix powers
Let k a non-negative integer

dzF  doF 1z dxk1
@ wel

Thus, unfolding through time

dzF i : :
% _ Z(wl)z—k ® l,z—l

=1

Example 18. Matrix exponentials

Let
© k
e a
=3
k=0
Thus
o) k
de” Nk—i i—1
k=0 =1
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Example 19. Matrix logarithms

log(z) = Z %(I — )k (157)
k=1
Thus
de* =1 . Nk—i i—1
Y - e —ay (158)

Example 20. Hadamard Products
Vecld(f(z) o g(x))] = Vec[(df (x)) o g(x)] + Vec[f(x) o dg(z)]
— Diag[Veclg(x)]]Vecldf (x)] + Diag[Veclf (x)]] Vec[dg ()]
df ()
dx

+ Diag[Vec[f (z)]] dii—(xx)\/ec[dx] (159)

= Diag[Vec[g(z)]]

Vecldz]

Thus

M09 _ piagveely @) L
(

dg(x)
= (160)

Example 21. Kronecker Products Let f(z) be an m x n matrix and g(x)
a p X ¢ matrix

Vecld(f(x) @ g(x))] = Vecl(df (2) @ g(x)] + Veclf(z) @ dg(x)]
= (I @ Ty @ 1) ((Vecldf (2)] @ Veclg()]) + (Vec[f (2)] @ Vecldg(x)])
I+

(
— (I, ®Tqm®1>(<g<w>' L) Veeldf (2)] + Iy & f () Vecldg(x)) )
|

+ Diag[Vec[f ()]

= (In ® a)Vec[df (z)] + (b ® I,) Vec[dg(z)] (161)
where
0= (Tym ® 1) (I Vec[g(a)) (162)
b= (I ® Tym)(Vec[f ()] ® 1) (163)
Thus
d(f(z) ® g(z)) df (z) dg(z)
- (I, ®a) 7 +(b® 1) o (164)



10.5 Matrix Calculus Summary

Chain Rule: If z = g(y), is a vector function of a vector y and y = f(x)
is a vector function of a vector x then

dz _ dzdy

g 165
de  dydx (165)

Product Rule: Let f(x) be an m x n matrix and ¢g(z) a n X p matrix then

df(x)g(x) df (x) dg(x)
= @) @ Ln)= = (L@ f(x) = (166)
Useful Formulae y )
cx e
dazb ,
=V ea (168)
dax~'h Ly _
e —(27') ® (") (169)
%Tr[a’(x’x)_la] = —2(z'7) tad ('z) o’ (170)
%Tr[(axb — ¢)'e(azb — ¢)] = blaxb — ¢)' (e + €')a (171)
d
%Tr[axb] = ba (172)
% = |z 27! (173)
d';f' = 2l2'z|(z'z) o (174)
Vel (axbz’) = Tr[a] Tr[b] (175)
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11 Matrix Differential Equations

d(at + bt) . dat dbt

-t 7t 176
at a o d (176)
d(atbt) d(lt dbt
— s 1
dt ar gy (177)
d(ay)  day day
" il 1
dt ar Ty (178)
dasa, da; _day
—0= -t 179
dt ar T T (179)
-1
a _ ade
= T (180)
(181)

It is only possible to expect de®dt = a;e* under conditions of full commu-

tativity. Types of linear matrix equations
da

d—tt = baye (182)

(183)

with special cases when b or ¢ are the identity matrix. The following tricks
allow moving the coefficients to the left, or right

da
d_tt = aiC (184)
then
da!
d_tt =da, (185)
(186)
and if p
a
d—tt = bay (187)
then
da; ! i da; _ _ _
d; = —a 17ﬁ;a V= —a'baa;t = —a; b (188)
(189)

It can be shown that if aq is non-singular, then the solution a; is non-singular
for all t.
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12 Appendix

Lemma 1. Let a,b matrices such that spectral radius of ba~! is less than
one. Then

(a+b)=a i “(ba™t)’ (190)
Proof.
(a+b)a" Z(—1)i(ba—1)i —aa (I —ba" + (ba M2 — (ba )3 +--)
+ba (I —ba "+ (ba )P = (ba )P 4 ) =T (191)
0

Lemma 2. Let a,u,b,v matrices.
(a+ubv)t=at —a tulb +vatu) tva? (192)

Proof. First note

(a+ubv)(a (I +ubva™")1) =1 (193)
Thus
(a+ubv)™' =a (I +ubva™")~ ! Z (ubvat)* (194)
k=0
Y1+ Z B (ubva)P) (195)
(196)
Note
(ubva™)F = ub(va™ ub) (va ub)(va" ub) - - - (va tub)va™! (197)
= ub(va™tub)*tva™! (198)
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Thus
(a+ubv) ™t =a (I - ub(Z(—1)’“(ubva’l)k)va’1
k=0
=a (I —ub(I +va tub) ')va?

=a ' —atulb ! +va! -1

) lva
where we used the fact that

(bt +vatu) "t = (I —va lub)
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