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1 Trace

• trace(a + b) = trace(a) + trace(b)

• trace(a) = trace(aT )

• trace(aT rbT ) = aT rb confirm r does not need rotation

• If a is m × n and b is n ×m then trace(ab) = trace(ba) = trace(aT bT )

2 Kronecker and Vec

Definition: Kronecker product

a⊗ b =

 a11b · · · a1nb
...

. . .
...

am1b · · · amnb

 (1)

Definition: Vec operator

vec[a] =



a11

...
am1

a12

...
am2

...
a1n

...
amn



(2)

2.1 Properties

1.
a⊗ b ⊗ c = (a⊗ b)⊗ c = a⊗ (b ⊗ c) (3)

provided the dimensions of the matrices allows for all the expressions to
exist.

2.
(a + b)⊗ (c + d) = a⊗ c + a⊗ d + b ⊗ c + b ⊗ d (4)

3.
(a⊗ b)(c⊗ d) = (ac)⊗ (bd) (5)
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4.
(a⊗ b)(b ⊗ d) = (ac)⊗ (bd) (6)

5.
(a⊗ b)T = aT ⊗ bT (7)

6.
(a⊗ b)−1 = a−1 ⊗ b−1 (8)

7.
vec

[
abT

]
= b ⊗ a (9)

8.
vec [abc] = (cT ⊗ a) vec [b] (10)

9. If {λi, ui} are eigenvalues/eigenvectors of a and {δi, vi} are eigenvalues/eigenvectors
of b then {λiδj , ui ⊗ vj} are eigenvalues/eigenvectors ofr a⊗ b

10.
det[a⊗ b] = det[a]mdet[b]n (11)

where a, b are of order n × n and m ×m respectively.

11.
trace(a⊗ b) = trace[a] trace[b] (12)

History

• The first version of this document was written on May 2004.
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